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Abstract. If a Tychonoff space X is dense in a Tychonoff space Y, then Y is 
called a Tychonoff extension of X. Two Tychonoff extensions Y\ and Y2 of X 
are said to be equivalent, if there exists a homeomorphism / : Y\ — > Y% which 
keeps X pointwise fixed. This defines an equivalence relation on the class of 
all Tychonoff extensions of X . We identify those extensions of X which belong 
to the same equivalence classes. For two Tychonoff extensions Yj and Y2 of 
X , we write Yj < V'i , if there exists a continuous function / : Y\ — > Y2 which 
keeps X pointwise fixed. This is a partial order on the set of all (equivalence 
classes of) Tychonoff extensions of X. If a Tychonoff extension Y of X is 
such that Y\X is a singleton, then Y is called a one-point extension of X. 
Let T(X) denote the set of all one-point extensions of X. Our purpose is 
to study the order structure of the partially ordered set (T(X), <). For a 
locally compact space X, we define an order-anti-isomorphism from T(X) 
onto the set of all non-empty closed subsets of f3X\X. We consider various 
sets of one-point extensions, including the set of all one-point locally compact 
extensions of X, the set of all one-point Lindelof extensions of X , the set 
of all one-point pseudocompact extensions of X, and the set of all one-point 
Cech-complete extensions of X , among others. We study how these sets of 
one-point extensions are related, and investigate the relation between their 
order structure, and the topology of subspaces of (5X\X. We find some lower 
bounds for cardinalities of some of these sets of one-point extensions, and in a 
concluding section, we show how some of our results may be applied to obtain 
relations between the order structure of certain subfamilies of ideals of C*(X), 
partially ordered with inclusion, and the topology of subspaces of /3X\X. We 
leave some problems open. 



1. Introduction 

Let X be a Tychonoff space. If a Tychonoff space Y contains X as a dense 
subspace, we call Y a Tychonoff extension of X. Two Tychonoff extensions Y\ and 
Y2 of X are said to be equivalent, if there exists a homeomorphism / : Y\ — > Y% which 
keeps X pointwise fixed. This indeed defines an equivalence relation which splits 
the class of all Tychonoff extensions of X into equivalence classes. We identify 
the equivalence classes with individuals whenever no confusion arises. For two 
Tychonoff extensions Y\ and Y2 of X, we write Y2 <Yx, if there exists a continuous 
function / : Y\ — > Y% which keeps X pointwise fixed. This defines a partial order on 
the set of all (equivalence classes of) Tychonoff extensions of X. A detailed study 
of this partial order can be found in Section |4~T1 of [12]. If an extension Y of X is 
such that Y\X consists of a single element, then Y is called a one-point extension 
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of X . Let T(X) denote the set of all one-point extensions of X. Our purpose here 
is to study the order structure of the partially ordered set (T(X), <). 

First we define some notations and terminologies we will use. For a Tychonoff 
space X, we let fiX and vX denote the Stone-Cech compactification of X and 
the Hewitt realcompactification of X, respectively. For a subset A of X, we let 
A* = (c\pxA)\X . In particular, X* = (3X\X. For a space X, we denote the set 
of all closed subset of X, the set of all zero-sets of X, and the set of all clopen 
(open-closed) subsets of X, by C(X), Z(X) and B(X), respectively. A space X 
is called zero- dimensional, if the set B(X) is an open base for X. For two spaces 
X and Y, C(X,Y) denotes the set of all continuous functions from X to Y. The 
letters I and R, denote the closed unit interval and the real line, respectively. We 
also let C(X) = C(X, R), and we denote by C*(X) the set of all bounded elements 
of C(X). 

We denote by to the first countably infinite ordinal number, and we denote by Ho 
the cardinality of to. By [CH] and [MA] we mean the Continuum Hypothesis and 
the Martin's Axiom, and whenever they appear at the beginning of the statement 
of a theorem, indicate that they have been assumed in the proof of that theorem. 

In a partially ordered set P, the two symbols V and /\ are used to denote the 
least upper bound and the greatest lower bound (provided that they exist) respec- 
tively. The elements \J P and f\ P arc called the maximum and the minimum of 
P, respectively. An element p G P is called a maximal (minimal, respectively) 
element of P, provided that for every x G P, if x > p (x < p, respectively) then 
x = p. If P and Q are partially ordered sets, a function / : P — > Q is called 
an order-homomorphism (order- anti-homomorphism, respectively) if f(a) < f(b) 
(f( a ) > /(&)> respectively) whenever a < b. The function / is called an order- 
isomorphism (order-anti-isomorphism, respectively) if it is moreover bijective, and 
/ _1 : Q — > P also is an order-homomorphism (order-anti-homomorphism, respec- 
tively). The partially ordered sets P and Q are called order-is omorphic (order-anti- 
isomorphic, respectively) if there is an order-isomorphism (order-anti-isomorphism, 
respectively) between them. 

For terms and notations not defined here we follow the standard text of [4]. 
In particular, compact and paracompact spaces are assumed to be Hausdorff, and 
perfect mappings are assumed to be continuous. By a neighborhood of a point x 
in a space X, we mean a subset of X which contains an open subset containing x. 

In 1924, P. Alexandroff proved that a locally compact non-compact space X has 
a one-point extension which is compact. This is now known as the Alexandroff 
compactification of X, or the one-point compactification of X. Since then, one- 
point extensions have been studied extensively by various authors (for some results 
as well as some bibliographies on the subject see [10] and [11]). The majority of 
these works, however, deals with conditions under which if a space locally possesses 
a topological property V , then it has a one-point extension which has V . Recently, 
M. Henriksen, L. Janos and R.G. Woods have studied the partially ordered set 
of all one-point metrizable extensions of a locally compact metrizable space, by 
relating it to the topology of subspaces of A*. Here is a brief summary of the 
method they applied. Let A be a (non-compact) metrizable space. We call a 
sequence {U n } n<u of non-empty open subsets of X an extension trace in X, if 
for each n < u) we have clxt^n+i C U n and C\ n<UJ U n — 0. To every one-point 
metrizable extension Y = X U {p} of X, we can correspond an extension trace of 
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X, namely, U n = B{p, 1/n) HX . Conversely, if {U n } n <uj is an extension trace in X, 
let Y — X U {p}, where p £ X, and define a topology on Y consisting of sets of the 
form V U {p}, where V is open in X and is such that V 3 U n , for some n < uj. By 
Theorem 2 of [1] (or Theorem 3.4 of [2]) the space Y thus defined is metrizable, and 
therefore it is a one-point metrizable extension of X. It may happen, however, that 
different extension traces in X give rise to the same one-point extension of A". To 
fix this problem, we define an equivalence relation on the set of all extension traces 
of X. Two extension traces {U n } n<LU and {V n } n<u of X are said to be equivalent, 
if for each n < co, there exist k n ,l n < cu, such that U n 3 Vk n and V n 3 Ui n . 
This makes a (one-one) correspondence between the set of all equivalence classes 
of extension traces of X, and the set of all one-point metrizable extensions £(X) of 
X. Using this, we can define a function A : £{X) -> Z(X*) by X(Y) = f] n<LU U*, 
where {U n } n <u is an extension trace in X which generates Y. It is proved in [7] 
that the function A is well-defined, and it is an order-anti-isomorphism onto its 
image (in the case when X is moreover separable, it is proved in [7] that A maps 
£{X) onto Z{X*)\{%}). Using the function A, and the fact that the topology of 
any compact space determines and is determined by the order structure of the 
set of its all zero-sets, the authors of [7] have studied the order structure of sets 
of one-point metrizable extensions of a locally compact metrizable space X, by 
relating it to the topology of certain subspaces of X*. Motivated by the results of 
[7] and the author's earlier work [8] (which is in fact a continuation of the work 
of Henriksen, Janos and Woods, in which we generalized most of the results of 
[7] from the separable case to the non-separable case) we define an order-anti- 
isomorphism ii : T(X) — > C(X*)\{®}. Using the mapping \i we will be able to 
relate the topology of certain subspaces of X* to the order structure of various sets 
of one-point extensions of X. These sets of one-point extensions include, the set 
of all one-point locally compact extensions of X, the set of all one-point Lindclof 
extensions of X, the set of all one-point pseudocompact extensions of X, and the 
set of all one-point Cech-complete extensions of X, among others. 

In Section 2, we define certain sets of one-point extensions. We then establish 
the order-isomorphism fi, mentioned above, from the set of all one-point extensions 
of the locally compact space X onto the set of all non-empty closed subsets of X*. 
We find the image under \i of some of the sets of one-point extensions introduced 
before, and as a result, we show that the order structure of some of them determines 
and is determined by the topology of the space X*. In Section 3, we obtain some 
results relating the order structure of certain sets of one-point extensions of X and 
the topology of subspaces of X* , under the extra assumption of paracompactness 
of X. Section 4 deals with the order theoretic relations between various sets of one- 
point extensions the space X. In Section 5, we find sufficient conditions that some 
of the sets of one-point extensions admit maximal or minimal elements. In section 
6, we find a lower bound for cardinalities of two of the sets of one-point extensions 
introduced before. And finally, in Section 7, we define an order-isomorphism from 
the set of all Tychonoff extensions of a Tychonoff space X into the set of all ideals 
of C*(X), partially ordered with inclusion. Using this, we show how some of our 
previous results may be applied to obtain relations between the order structure of 
certain subfamilies of ideals of C*(X), partially ordered with inclusion, and the 
topology of subspaces of X* . 
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2. The partially ordered set of one-point Tychonoff extensions of a 

locally compact space 

The purpose of this article is to study the order structure of various sets of one- 
point extensions. To make reference to these sets easier, we list them all in the 
following definition. 

Definition 2.1. For a Tychonoff space X, let T(X) denote the set of all one-point 
Tychonoff extensions of X. We define 

• T C {X) = {Y e T(X) : Y is Cech-complete} 

• Tk(X) = {Y eT(X) :Y is locally compact} 

• Td(X) = {Y = XU{p} G T(X) : p £ c\ Y A for any closed Lindelof A C X} 

• Tl{X) = {Y e T(X) : Y is Lindelof} 
. Ts(X) = {Y = XU{p}£T(X): 

U\{p} is er-compact for some neighborhood U of p in Y} 

• Tp(X) = {Y G T(X) : Y is pseudocompact} 

• T*(X) = {Y = X U {p} G T(X) : Y is first countable at p) 

• TS(X) = T*(X) n T C (X), T£{X) = T*(X) n T K (x), T s *(x) = T*(x) n 
T S (X), Tcl(X) = Tc(X) n Tl(X) and Tkl(X) = T K {X) n T L {X). 

For a space X, let C(X) denote the set of all closed subsets of X. Suppose that 
X is a locally compact space. For each Y = X U {p} e T(X) let F Y : /3X /3Y 
be the unique continuous function such that Fy\X = idx- Define a function 

M :(r(X),<)^(C(X*)\{0},c) 

by n(Y) = Fy 1 (p)- In the following theorem we show that the function fi so defined 
is an order-anti- isomorphism. This is in fact a special case of Theorem 14.21 of [10]. 
We give a direct proof in here for the sake of completeness. 

Theorem 2.2. The function fi is an order- anti-isomorphism. 

Proof. First we show that /i is onto. So suppose that C G C(X*)\{$} and let Z 
be the space obtained from f3X by contracting C to a point p. Let q : f3X — > Z 
be the natural quotient mapping. Consider Y = X U {p} C Z. Then since Z is 
Tychonoff, Y G T(X). We verify that /j,(Y) = C. First we note that Z = /3Y. This 
is because Z is a compactification of Y" and every continuous function from Y to 
I is continuously extendable over Z. For if h G C(Y, I), let g = hq : X U C — > I 
and let G G C((3X, I) be the extension of g. Let the function H : Z — > I be defined 
by H\((3X\C) = G and -ff(p) = h(p). Then if is a continuous extension of h. 
Now since q\X = idx = Fy\X, we have q = Fy, and therefore fi(Y) = Fy 1 (p) — 
q- 1 (p) = C. 

Now suppose that Yj, = X U {pi} G T(X), for i = 1,2. Suppose that Yi > Y2, 
and let fc : Yi — > Y2 be a continuous function which leaves X pointwise fixed. Let 
K : fSYx — > (3Y2 be the continuous extension of k. We denote Fi = Fy t , and we let 
L = KFi : /3 X -» /3Y 2 . Then since L\X = F 2 |X, we have i = F 2 and therefore 
since F(pi) = fc(pi) = P2 we obtain 

/i(Y 2 ) = ^(pa) = L-\p 2 ) = F 1 - 1 K- 1 ( P2 ) D F^{ Pl ) - ,1^). 

Next suppose that /i(Y 2 ) 2 A*(Yi) and let C, = ^i(Yi), for i = 1,2. Let be 
the quotient space obtained from f3X by identifying each fiber of Fi = Fy to a 
point and let qi : (iX —> Z{ denote its corresponding natural quotient mapping. 
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Let the function G, : Zi -> /3Yi be denned by G l (F^ 1 (y)) = y. Then d is 
a continuous bijection, and since Zi is compact, it is a homeomorphism which 
since Fi(X*) = f3Yi\X (see Theorem 3 15.71 of [4]) keeps X pointwise fixed and 
Gi(Ci) = pi. We identify Yi with a subspace of Zi under this homeomorphism. Let 
/ : Y\ — > Y<i be a function such that f\X = idx and f(pi) = p%- We verify that / 
is continuous. So suppose that V is an open neighborhood of pi in Z 2 . Let U = 
(Zi\qi(/3X\q 2 ~ 1 (V)))ri Yi, which is an open subset of Yi. Since q 2 {C 2 ) = {|*2}cy 
and Ci C G 2 , we have q^ipx) = C x C ^(y), and thus pi ^ gi(/?X\^ 1 (V r )). 
Therefore £/ is an open neighborhood of pi in Yi. Now since l/nl C V P\ X, we 
have /(C/) C V, and thus / is continuous at p\. Clearly / is continuous on X and 
therefore Y\ ~>Y%. This now completes the proof. □ 

Let X be a locally compact space and let Y E T{X) and G = /u(Y). If Z is the 
space which is obtained from f3X by contracting G to a point p and g : /3X Z 
is its natural quotient mapping, then as the proof of Theorem 12.21 shows, we have 
Y = XU{p} C Z, Z = f3Y and q = Fy . 

Remark 2.3. If X is a locally compact metrizable space then, using the notations 
introduced in the introduction, we have T*(X) = £(X) and /j,\T*(X) = A. The 
first assertion follows from Theorem 2 of [1]. We verify that fj,\T*(X) = A. 

Suppose that Y — X U {p} E £(X) and let {U n } n<L0 be an extension trace in 
X which generates Y. Let C = fi(Y). We show that G = f|„< w = A(Y). First 
we verify that G C Hn<w ^n- Suppose to the contrary that there exists an x E C 
such that x £ cl@xU n , for some n < uj. Now U n U {p} is an open neighborhood of 
p m Y. Let V be an open subset of j3Y such that U n U {p} = V H Y, and let i7 
be an open neighborhood of x in f3X such that Fy(U) C y. Now since U\c\pxU n 
contains x, it is non-empty. Let t E (J7\cl^jf U n ) n X. Then i = Fy(t) E V and 
thus t E [/„. But this contradicts the choice of t. This shows that a; E f] n<u U*, 
and therefore G C n n<w ^n- 

To show the reverse inclusion, let x E C\ n<LU U*. Suppose that x ^ G. Let U and 
y be open subsets of (3X such that x E £/ , C C V and clpxU H c^-pxV — 0. Now 
since (V\C)U{p} is an open neighborhood of p in /3Y, there exists & k < ui such that 
C4U{p} C (V\C)U{p}. Therefore c\ x U k C y\G and thus clxC4nclx(LTnX) = 0, 
as 

cLYt/fe n ci x (f/ ni)c cbj^c/fc n d^tf. 

But since X is metrizable, this implies that 

dpxU k n cbjxt/ = cifsxUk n ci (3X (c/ n x) = 

which is a contradiction, as x E clpxUk H cLgxt/. Therefore a; E G and thus 
rin<w — This together with the first part shows that equality holds in the 
latter, which proves our assertion. 

Theorem 2.4. Let X be a locally compact space. Then 

v(Tc(x)) = z(x*)\m- 

Proof. Suppose that Y E Tc{X). Then since Y is Ccch-complete, Y is a G^-set in 
j3Y. Therefore X U /z(Y) = Fy 1 (Y) is a Gj-set in j3X and thus /z(Y) is a closed 
G^-set in X*. Therefore //(Y) is a zero-set in X*. 

For the reverse inclusion, suppose that D E Z(X*)\{®}. By the previous the- 
orem D — /i(Y), for some Y E T(X). Let X*\Z? = Un< w -^'«! where each K n is 
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compact. Then we have 



Y = F Y 



(px\ |J K n ) = f) (pr\F Y {K n )) 



which is a G^-set in f3Y . Thus Y is Cech-completc. 



□ 



Since for a compact space X, the order structure of either of the sets C(X) 
or Z(X) determine the topology of X, from Theorems 12.21 and 2.3 we obtain the 
following result. 

Theorem 2.5. For locally compact spaces X and Y the following conditions are 
equivalent. 

(1) T{X) and T(Y) are order-is omorphic; 

(2) Tc(X) and Tc(Y) are order-is omorphic; 

(3) X* and Y* are homeomorphic. 

Theorem 2.6. Let X be a locally compact space. Then 



Proof. Suppose that Y = X U {p} S Tk(X). Then since Y is locally compact, Y 
is open in jJY, and thus Fy 1 (Y) is open in @X. But since Fy(X*) = /3Y\X, we 
have Fy 1 (Y) = XUFy 1 (p), and therefore fi(Y) = Fy 1 (Y)\X is open in X*. Thus 

M (F)e£(X*)\{0}. 

To show the reverse inclusion, let C be a non-empty clopen subset of X*. Let 
C = [i(Y), for some Y = XL){p} C Z, where Z is obtained from /3X by contracting 
C to a point p. Let g : (3X — > Z denote its natural quotient mapping. Let U be 
an open subset of j3X such that U fl X* = C, and let V be an open neighborhood 
of C in /3X with cLj* V C J7. Consider the set T4^ = (!TlI)U{|)}. Then since 
= V is open in /3X, the set W is an open neighborhood of p in Y, and 
since C q(cl/3xV), its closure clyW is compact. This shows that Y is locally 
compact at p, and thus Y G Tk{X). □ 

For a compact zero-dimensional space X , the order structure of B(X) determines 
the topology of X . The following is now immediate. 

Theorem 2.7. For strongly zero-dimensional locally compact spaces X and Y the 
following conditions are equivalent. 

(1) Tk{X) and Tk(Y) are order- is omorphic; 

(2) X* and Y* are homeomorphic. 

Theorem 2.8. Let X be a locally compact space and let Y G T(X). Then 



Proof. This follows from Theorem 12 .41 and the fact that Z(X*) is a base for closed 



h{Tk(X))=B(X*)\{®}. 



Y = \/{SeTc(X):Y>S}. 



subsets of X*. 



□ 



The next few result will have applications in the following sections. 



Theorem 2.9. Let X be a locally compact space. Then 



m(T*(X)) = {Ce z(px) -.cnx = 0}\{0}. 
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Proof. Suppose that Y = X U {p} G T*(X). Let {U n }n<u be a base at p in 

Y and let V n 's be open subsets in j3Y such that U n = V n D Y. Let for each 
n < u, f n G C(/3Y,I) be such that f n (p) = and f n {(3Y\V n ) C {1}, and let 
S = f] n<u Z(f n ). We verify that S = {p}. For if y G 5 and y ^ p, let {7 and V 
be disjoint open neighborhoods of y and p in /3Y, respectively. Let k < u> be such 
that £7fc C V n Y, Then cl^y Vfe = clpyUk Q clpyV, and therefore since y G Z(fk), 
we have y G clpyV ■ But this is a contradiction as y G L7 and J7 n V = 0. Therefore 
since {p} G Z(/3Y), we have ji(Y) = x (p) G Z(0X). 

To show the reverse inclusion, let ^ T G £(/3X) be such that Tnl = 0, 
and let Z be the space obtained from /3X by contracting T to a point p. Let 

Y = X U {p} C Z, and let g : Z be the natural quotient mapping. For each 
n < u), let 

U n =((f- 1 ([Q,l/n))\T)u{p})nY. 

Then U n is an open neighborhood of p in Y. Suppose that U is an open neighbor- 
hood of p in Y and let U — V n Y, for some open subset V of /3Y. Then since 
p G V, we have 

D r 1 ([Q,i/n])=rc,- 1 (7). 

Therefore there exists a fc < cj such that / _1 ([0, 1/fc]) C q^ 1 (V) 1 and thus £4 C U. 
Therefore {U n } n<lu is a base at p in Y and T = /i(Y) G fj,(T*(X)). □ 

Corollary 2.10. Lei X be a locally compact space. Then T*[X) ^ if and only 
if X is not pseudocompact. 

Proof. We note that vX is the intersection of all cozero-sets of j3X which contain 
X. But X is pseudocompact if and only if vX = j3X. Now Theorem 12 .91 completes 
the proof. □ 

Theorem 2.11. Let X be a locally compact space. Then 

p{T P {X)) = jC G C(X*) : C D [3X\vX}\{®}. 

Proof. Suppose that Y = X U {p} G Tp{X). Let C = /z(Y). Assume that 
(PX\vX)\C # 0, and let x G (j3X\vX)\C. Since x <£ G, there exists an S G 
Z{fiX) such that x G S and S n C = 0. Since a; ^ uX, there exists a T G Z(f3X) 
such that x eT and TflX = 0. Now since D = (S , nT)\C is a non-empty G^-set of 
/3X, it is also a non-empty G^-set of f3Y (which is obtained from j3X by contracting 
G to the point p) and therefore by pseudocompactness of Y we have D n Y ^ 0. 
But this is a contradiction as D n X — and p ^ D. 

To show the reverse inclusion, suppose that G G C(X*)\{0} and G 2 /3X\vX. 
Let 7 = IU {p} G T(X) be such that /x(Y) = G. Suppose that Y is not pseudo- 
compact. Then there exists a non-empty S G Z(/3Y) (note that /3Y is obtained from 
fiX by contracting G to the point p and q : /3X — » /3Y is its corresponding quotient 
mapping) such that S n Y = 0. Now g _1 (5) G Z[fiX) and since p ^ S, we have 
^(S) n G = 0. Therefore q'^S) C /3X\G C uj. Thus since g^ 1 ^) £ -Z(dI) 
and q~ 1 (S) 7^ 0, we have q~ 1 (S) D X ^ 0, which is contradiction, as S Pi X = 0. 
This shows that Y is pseudocompact, and thus G G p(Tp{X)). This together with 
the first part of the proof gives the result. □ 
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3. The case when X is locally compact and paracompact 

In this section we study the relation between the order structure of various sets of 
one-point extensions of a locally compact paracompact space X, and the topology 
of a certain subspace of X* . We make use of the following result in a number of 
occasions throughout (see Theorem 15.11 27 and 3.8.C of [4]). 

Proposition 3.1. Let X be a locally compact paracompact non-a- compact space. 
Then we have 

x = ®x h 

iei 

where each Xj is a a-compact non-compact subspace. 

Following the notations of [7], for a Tychonoff space X, we let 

aX = \\{clpxA : A C X is cr-compact}. 

Using the notations of Proposition I3.1[ it can be shown that for a locally compact 
paracompact non-cr-compact space X, we have 

o-X = (J jchjx ( (J Xij : J C I is countable | 

ieJ 

which is clearly an open subset of (3X, as each (J ig j Xi is clopen in X. 

Here are some examples showing that neither of the implications, paracompact- 
ness implies local compactness, nor its converse hold. Clearly the hedgehog with an 
infinite number of spines provides an example of a paracompact space which is not 
locally compact. Now consider the space aX, when X is an uncountable discrete 
space. Then o~X is locally compact, as it is open in j3X. However, the space o~X is 
not paracompact, as it is countably compact and non-compact. 

The following follows from Theorems 2.5 and 2.8. 

Lemma 3.2. Let X be a locally compact space. Then 

»(Tk( x )) = { z e Z W X ) ■ z ls d °P en in x *}\{9}- 

Lemma 3.3. Let X be a locally compact paracompact non-a -compact space and let 
Y = X U {p} G T~(X). Then the following conditions are equivalent. 

(1) YeT^(X); 

(2) p has a compact neighborhood UinY such that U\{p} is a-compact. 

Proof. (1) implies (2). Suppose that Y G T£(X) and let {V n } n<UJ be a base at 
p in Y. We may assume that for each n < u>, we have V n 2 clyVn+i and clyV^ 
is compact. Then for each n < u, the set c\YV n \V n +i is closed in clyVi, and 
therefore it is compact. We have clyVi\{p} = \J n<UJ (cWV n \V n+ i), and thus clyVi 
is the desired neighborhood of p. 

(2) implies (1). Suppose that U is a compact neighborhood of p such that 
U\{p} is a-compact. Assume the notations of Proposition 13. II Now since U\{p} is 
cr-compact, there exists a countable J C I such that U\{p} C {J i£j Xi. By 3.8.C 
of [4], for each i G J we have Xi = \J n<u ,C^, where for each n < u, the set C l n is 
open in X and we have dxC^ C C l n+l and c\xC l n is compact. Let 

{cl x C^ : i G J and n < uj} = {D n } n<ul 
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and consider the family 

I = {inty[/\(L>i U ■ • • U D n ) : n < lo} 

of open neighborhoods of p in Y. If V is an open neighborhood of p in Y, then 
since 

U CVu{JXi = VU |J{C; : i £ J and n < lo} 

ieJ 

by compactness of U, there exists a k < lo such that U C V U C^ 1 U • • • U C£* , and 
therefore for some n < lo, U\(Di U • • • U D n ) C V. This shows that T is a countable 
base at p in Y, and since Y is locally compact, it follows that Y £ T£(X). □ 

Lemma 3.4. i^or any locally compact paracompact space X, we have T^{X) = 
TZ(X) if and only if X is a-compact. 

Proof. First suppose that X is <T-compact and let Y — X U {p} £ Tk(X). Let £/ 
be an open neighborhood of p in Y such that clyt/ is compact. Let X = {J n<LJ C n , 
where for each n < lo, the set C n is open in X and we have clxC n C C„+i and 
clxCn is compact. We show that the family {U\c\xC n : n < lo} forms a base at 
p in Y. To show this, suppose that V is an open neighborhood of p in Y. Then 
since {V} U {C„ : n < lo} is an open cover of the compact set clyll, there exists 
a fc < lo such that clyf/ C V UC k - Clearly U\c\ x C k C V. This shows that F is 
first-countable at p, and thus Y £ T^{X). 

Now suppose that X is not er-compact and assume the notations of Proposition 
13.11 Let loX — X U {£1} be the one-point compactification of X. Clearly loX £ 
7~k(X). But since every neighborhood W of f2 contains all but a finite number 
of XiS, the set is not er-compact, and thus by Lemma [3.31 we have loX ^ 

mx). ' □ 

The next three lemmas are taken from [8] . We include them in here for the sake 
of completeness. 

Lemma 3.5. Let X be a locally compact paracompact space. If ^ Z £ Z(f3X) 
then ZHaX ^ 0. 

Proof. Suppose that {x n } n <ui is an infinite sequence in aX. Using the notations of 
Proposition l3.ll there exists a countable J C / such that {x n } n <ui Q c ^0x{{J ieJ Xi), 
and therefore {x n } n <uj has a limit point in aX. Thus aX is countably compact, and 
therefore pseudocompact, and v(aX) = (3(aX) — (3X. The result now follows as 
for any Tychonoff space T, any non-empty zero-set of vT intersects T (see Lemma 

Em*) of [i2]). □ 

Lemma 3.6. Let X be a locally compact paracompact space. If ^ Z £ Z(X*) 

Proo/. Let S £ be such that Z = S\X. By the above lemma S l~l aX ^ 0. 

Suppose that STi(ctX\X) = 0. Then SHo-JT = SCiX. Let L = {i e I : SnX, ^ 0}, 
where Xj's are as in Proposition ^. II Clearly L is finite. Observe that cl/3x(UieL -^i) 
is clopen in as [J ieL Xi is clopen in X. Let / be its characteristic function 
which is in C*(X). Now since Z(f) fl S £ Z((3X) misses ctX, by the above lemma, 
Z(/)nS = 0. But since (3X\aX C we have Z = Sn(/3X\aX) C STlZ(/) = 0, 

which is a contradiction. Therefore Z n (oX\X) = Sn ^ 0. □ 
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Lemma 3.7. Let X be a locally compact paracompact space and let S,T G Z(X*). 
If S n aX C T n aX then S C T. 

Proof. Suppose that S\T ^ 0. Let x G 5\T. Let / G C(0X,I) be such that 
/(a;) = and f(T) C {1}. Then Z(/) nSe Z(X*) is non-empty, and therefore by 
the above lemma, Z(f) D S n ctX ^ 0. But this is impossible as Z(f) nJflfflC 
Z(/)nT = 0. □ 

Lemma 3.8. Lei X be a locally compact paracompact space. IfYG T^-(X) then 
fi(Y) C a-X. 

Proo/. Let C = /x(F), for some Y = X U {p} G 7£(X). By Lemma [331 there 
exists a compact neighborhood of p in Y such that is cr-compact. We 

claim that Fy (p) C cl / 3x(W / \{p})- So suppose to the contrary that there exists an 
.x G 1 {p) such that x ^ c\px{W\{p})- Let J7 be an open neighborhood of x in 
j3X which misses W\{p}. Since Y is locally compact, W is also a neighborhood of 
p in /3Y", and therefore, there exists an open neighborhood V of x in /3X such that 
F Y (V) CW. lit eU HV HX, then t = F Y (t) e U C\W , which is a contradiction. 
Therefore C = Fy\p) C cl (3x (V^\M) C crX. □ 

The proof of the following is a modification of the ones we have given for The- 
orems 14.11 and 14.21 of [8] . Note that a space X is locally compact and cr-compact 
if and only if X* G Z(f3X) (see IB of [13]). We use this fact in several different 
places. 

Theorem 3.9. For zero- dimensional locally compact paracompact spaces X and Y 
the following conditions are equivalent. 

(1) 1~k(X) and 1~k(Y) are order-isomorphic; 

(2) o~X\X and o~Y\Y are homeomorphic. 

Proof. (1) implies (2). Suppose that condition (1) holds. Assume that one of X and 
Y, say X, is cr-compact. Suppose that Y is not cr-compact and let Y = @ ieJ Yi, 
with Yi's being cr-compact non-compact subspaces. Since by Lemma 13.41 we have 
Tk(X) — Tk{X), and 7~k(X) has a minimum, namely its one-point compactifica- 
tion, (X) and thus T^(Y) has a minimum. Let T be the minimum of Tj^(Y). 
Then since for each countable L C J, we have ({J ieL Yi)* G I^y(T^(Y)), it follows 
that (\J ieL Yi)* C hy(T), and thus aY\Y C n Y {T). Now by LemmaO with F* 
and /iy(T) being the zero-sets, we have Y* C fi Y (T). But by Lemma T3. 21 we have 
Hy(T) G Z(/3Y), and therefore F* G Z(/3F), which is a contradiction, as we as- 
sumed that V is not cr-compact (see IB of [13]). Thus X and Y are both cr-compact, 
and so by Lemma l3~4l and condition (1), Tk{X) and Tk(Y) are order-isomorphic. 
Thus since X and Y are zero-dimensional locally compact paracompact, each is 
strongly zero-dimensional (see Theorem 16.21 10 of [4]). Now Theorem 12.71 implies 
that aX\X — X* and aY\Y = Y* are homeomorphic. 

Next suppose that X and Y are both non-cr-compact and let c6 : T^(X) — > T^(Y) 
be an order-isomorphism. Let g = nycjyu.^ 1 : pL X {T^{X)) — > Hy(T£(Y)) and let 
uhtX = aX U {il} and luoY = aY U {f2'} be one-point compactifications. We 
define a function G : B(uiaX\X) — > B(uhtY\Y) between the two Boolean algebras 
of clopen sets, and verify that it is an order-isomorphism. 

Set G(0) = and G{coaX\X) = cuaY\Y. Let U G B{coaX\X). If U ^ and 
il £ U, then U is an open subset of aX\X, and therefore it is an open subset of X* . 
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There exists a countable J C I such that U C (U iEJ Xi)* , where X = @ ieI Xi, 
with .XV s being <7-compact non-compact subspaces, and thus U G /j,x(7k(X)). In 
this case we let G(U) = g(U). If U ^ werX\X and O G £/, then (wcrX\X)\f/ G 
Hx{T K (X)), and we let G(17) = (wo-r\y)\ff((w(7X\X)\[/). 

To show that G is an order-isomorphism, let U, V G £>(ajcrjf \X) with [/ C V". 
We may assume that {/ ^ and y ^ u;crX\XT. We consider the following cases. 

Case 1) Suppose that Q <£ V. Then clearly G(U) = g(U) C gr(V) = G(V). 

Case 2) Suppose that Q <£ U and Q G If G(J7)\G(F) ^ 0, then T = 
.g(C7) n.g((wCTX\X)\y) ^ 0, and therefore by LemmaGIl we have T G fj, Y (T K (Y)). 
Let S G fix{T£(X)) be such that ^(5) = T. Then since g is an order-isomorphism, 
SCUD ((u)aX\X)\V) = 0, which is a contradiction. Therefore G(Z7) C G(V). 

Case 3) Suppose that ft G U. Then since (uj<jX\X)\V C (wcrX\X)\J7 we have 

G(iO = (cjcrr\y)\ 5 ((wcrx\x)\f/) c (wcry\y)\ 3 ((w CT xvo\y) = G(F). 

This shows that G is an order-homomorphism. 

To complete the proof we note that since cf)^ 1 : T K {Y) ~> T~k(X) & ^ so 1S an 
order-isomorphism, if we denote h — fix^ 1 l± Y X , then arguing as above, h induces 
an order-homomorphism H : B(uaY\Y) — > B(uiaX\X). It is then easy to see that 
H = G~ 1 . 

Now since by Theorem 16.21 10 of [4] the spaces X and Y are strongly zero- 
dimensional, aX and crY, and therefore their one-point compactifications uxtX and 
ujoY , also are zero-dimensional. Thus by Stone Duality, there exists a homeomor- 
phism / : LuaX\X -> coaY\Y such that f(U) = G(U), for every U G B(waX\X). 
Now since for every countable J C J, we have O' ^ g{Q.j) — G(Q.j) = f(Qj), where 
Qj = ({J ieJ Xi)* , the function /|(crX\X) : aX\X — > <rY\Y is a homeomorphism. 

implies (1). Suppose that condition (2) holds. If one of X and Y, say X, 
is cr-compact, then since aY\Y and X* = aX\X are homeomorphic, <rY\Y is 
compact. Suppose that Y is not cr-compact and let y's be as in the previous part. 
By compactness of aY\Y, there exists a countable L C J such that (Ujpi, ^i)* = 
o"V\y, which is clearly false. Thus Y also is cr-compact, and since X* and Y"* are 
homeomorphic, by Theorem 12.71 and Lemma [3.41 we have that T^(X) and T K {Y) 
are order-isomorphic. 

Next suppose that X and Y are both non-cr-compact and let / : aX\X — > 
aY\Y be a homeomorphism. Let Z 6 fj,x(T^(X)), Then by Lemma T3.81 we have 
Z C crX\XT, and thus there exists a countable AC J such that Z C clpxP> where 
P = UieA Xi- But since P* is clopen in aX\X, f(P*) is clopen in aY\Y, and since 
it is also compact, there exists a countable B C J such that f(P*) C Q*, where 
Q = Uies an d y = (Bie/^ii with each y being a cr-compact non-compact 
subspace. Since by Lemma [3.21 the set Z is clopen in X*, the set f(Z) is clopen 
in aY\Y, and since we have f(Z) C Q*, it also is clopen in Q*, and thus clopen 
in y*, i.e., f(Z) G A*y(7£(y)). Now we define a function F : Hx{T£{X)) -> 
//y(7J(y)) by F(Z) = /(Z). The function F is clearly well-defined and it is an 
order-homomorphism. Since f^ 1 is also a homeomorphism, arguing as above, we 
can define a function G : (J,yOk(Y)) -> /MTktPO) b y G ( Z ) = / _1 (-Z)> which is 
clearly the inverse of F. Thus F is an order-isomorphism. □ 

The following question naturally arises in connection with Theorem l3. 91 above. 
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Question 3.10. Is there any subset of X* whose topology determines and is de- 
termined by the order structure ofl~*(X)? (See Theorem \5.10\ for a partial answer 
to this question) 

We note that for a locally compact space X, each Lindelof subspace of X is a 
subset of a <7-compact subset of X, and therefore we can describe the elements of 
Td(X) as those Y = X U {p} G T(X) for which p ^ ciyA, for any cr-compact 
AC X. 

Theorem 3.11. Let X be a locally compact paracompact space. Then 



Proof. Suppose that Y = X U {p} € Td(X) and let C = Fy 1 (p). Assume that 
C n <tX ^ and let x G C D aX. Let A be a cr-compact subset of X such that 
x G clpx-A. By assumption p £ clyA Therefore U Pi Y D A — 0, for some open 
neighborhood U of p in /3Y". Now since F^iJJ) is an open neighborhood of x in 
/3A, we have A n Ff x (f/) ^ 0. Let a G A n Ff ^f/). Then a = Fy(a) G £7 n A, 
which is a contradiction. Therefore fi(Y) — C C /3A\crA. 

Conversely, suppose that C G C(/3A\crA)\{0}. Then since <rX is open in f3X, 
we have C G C(X*), and thus C = fi(Y), for some F = IU {p} G T(X). Suppose 
that A C X is cr-compact. Then since clpxA C aX , we have C Pi cLjx-^ = 0- Let 
E/ = (f3X\(C U cl^x j4)) U {p}. Then C/nF is an open neighborhood of p in V, and 
U n y n A = 0. Therefore p ^ cl Y A, which shows that y G T D (X). □ 

Lemma 3.12. Suppose that X is a locally compact paracompact space and let 
Y G T(X). Then Y G T L (X) if and only if fj,(Y) D fiX\aX. 

Proof. Clearly it suffices to consider only the case when X is non-cr-compact. Sup- 
pose that Y e Tl(X) and let C = fi(Y). Assume that (f3X\aX)\C ^ and let 
x G (f3X\aX)\C ^ 0. Let U and V be disjoint open neighborhoods of x and C in 
PX, respectively. Assume the notations of Proposition 1331 and let 



and thus since x £ crA, the set J is uncountable. Then X\V, being closed in 
the Lindelof space Y, is Lindelof. But this is a contradiction, as since U intersects 
uncountably many of Xj's, there is no countable subcover of {Xi}i e j covering X\V. 
Therefore C D /3X\aX. 

To prove the converse, suppose that fJ,(Y) = C D (3X\aX. Let V be an open 
cover of Y = X U {p}. Let V G V be such that p G V, and let W be an open 
set in f3Y such that V = W n Y. Then since p G W, we have f3X\Fy 1 {W) C 
crA, and therefore ^X\Ff 1 (W) C cbjxAf, where M = \JieJ X i and J Q I is 
countable. Clearly Y\V C M. But M, being cr-compact, can be covered by 
countably many subsets of V. Therefore V has a countable subcover, which shows 
that y is Lindelof. □ 

Theorem 3.13. Let X be a locally compact paracompact non- Lindelof space. Then 
the minimum o/Tb(A) is the unique Lindelof element o/Tb(A). 



f x(T D (X))=C(f3X\aX)\{$}. 



j = {iei ■. x,nu^9}. 



Clearly 
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Proof. Let Y G T(X) be such that n(Y) = (3X\aX. Then by Theorem EH] we 
have Y G Td(X), and by Lemma 13.121 the space Y is Lindelof. Suppose that 
S G Td(X) is Lindelof. Then by the above lemma we have n(S) D /3X\oX, and 



Theorem 3.14. For locally compact paracompact spaces X and Y the following 
conditions are equivalent. 

(1) Td{X) and 1~d(Y) are order-isomorphic; 

(2) j3X\aX and f3Y\o~Y are homeomorphic. 

For a Tychonoff space X and a cardinal number a, let T a (X) consist of exactly 
those Y — X U {p} G T(X) such that p ^ cly((J J 7 ), for any discrete family T of 
compact open subsets of X with \T\ = a. We also let r Q X denote the set 



XuM < c\/3x[ M^ 7 ) : -T 7 is a discrete family of compact open subsets of X with jj 7 ! = 



Clearly, when X is locally compact, r a X is an open subset of j3X. If X is a zero- 
dimensional locally compact paracompact non-cr-compact space, then aX = t w X. 
This is because, assuming the notations of Proposition |3~T1 by 3.8.C of [4], for each 
i G I we have X, = 1J„ <W C l n , where each C l n is open in X, such that cl^G* C G£ +1 
and clyG* is compact. Let D l n be a clopen subset of X such that C % n C D* C G^ +1 . 
Then since each X, = £)| ® © n >i(-^n+i\-^n)' * ne s P ace X is a sum of compact 
open subsets, and thus t u X = oX. 

Now using the same proof as the one we applied for Theorem 13. Ill we obtain the 
following result. 

Theorem 3.15. et X be a locally compact space and let a be a cardinal number. 



Theorem 3.16. For locally compact spaces X and Y and a cardinal number a the 
following conditions are equivalent. 

(1) T a (X) and T a (Y) are order-isomorphic; 

(2) (3X\r a X and (3Y\T a Y are homeomorphic. 

Lemma 3.17. Let X be a locally compact paracompact space. Then 



Proof. Let Y = X U {p} G T(X) and let C = /z(F). Let Z be the space obtained 
from PX by contracting C to the point p, and let q : /3X ->Z = f3Y be its natural 
quotient mapping. Suppose that Y = X U {p} G Ts(X). Let U be a neighborhood 
of p in Y with U\{p} being c-compact. Then using the notations of Proposition 
13.11 we have U\{p} C G, where G = (J i£J Xj and J C I is countable. We verify 
that C C G*. So suppose to the contrary that there exists an x G C\G* . Let V 
be an open neighborhood of p in f3Y with V fl Y C Z7. Then since p G V, we have 
C C g- x (^). Now since x E H = q^iV^clpxG, we have i/nX ^0. If i G ffnX, 
then t = g(t) G V n X C t/\{p} C G, which is a contradiction, as G n i? = 0. This 
shows that G C G* C aX. 

Conversely, suppose that G G C(X*)\{0} is such that G C ctX, and let (J>(Y) = 
G, for some Y = X U {p} G T(X). Let G = U ie ./X be such that G C cl^^G, 
where J C I is countable. Let U = ((cl^xG\G) U {p}) fl Y. Then t/ is an open 



thus S = Y. 



□ 




Then 



n(T a (X)) =C(f3X\T a X)\{9}. 



//(Ts(X)) - {G g C(X*) : G C aX}\{0}. 
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neighborhood of p in Y such that U\{p} = G is cr-compact. Therefore Y £ Ts(X). 

□ 

Lemma 3.18. Let X be a locally compact paracompact space. Then 

Tg(X) = {Y = X U {p} £ T*(X) : p has a a-compact neighborhood in Y} 

and 

M (T s *PO) = {C £ Z{pX) : C C aX\X}\{$}. 

Proof. Let T denote the set of all Y — X U {p} £ T*{X) such that p has a cr- 
compact neighborhood in Y. First we find /i(T). Suppose that Y £ T and let 
C = fi(Y). By Theorem l2.9l we have C £ Z((3X). Suppose that {U n } n<LJ is a base 
at p in Y. We may assume that U\ D f/ 2 D ■ ■ ■ . For each n < u), let U n = V n U {p}. 
Then since p has a cr-compact neighborhood in Y, there exists a. k < lu such that 
clyJTfc is cr-compact. We have 

cl x V k = clyL/feVM - |J ((cW„)\[/„ +1 ) 

n>k 

where for each n > k, the set clyl/„\?7„ + i, being a closed subset of cly£4, is cr- 
compact. Clearly c\px(clxVk) Q oX. We verify that C C cl^x(clxVfc). To this 
end, let Z = be the space obtained from f3X by contracting C to the point p, 
and let c/ : j3X — > jiY be its natural quotient mapping. Suppose that x £ C is such 
that x £ c\px{c\xVk), and let U be an open neighborhood of x in f3X such that 
[/ n cl x V k = 0. Let 1/ be an open set in /3Y such that C/ fc = V D Y, and let W 
be an open neighborhood of x in /3X with q(W) C V. Let y £ U DW D X . Then 
y = c/(y) £ V, and thus y £ Uk n X = Vfe. But this is a contradiction as y £ U. 
This shows that C C crX. Thus C {C £ Z(@X) : C C crX\X}\{0}. 

Next suppose that C 6 Z(f3X)\{$} is such that C C crX\X. Let C = ^(Y"), 
for some F £ T*(X). Since C C crX, using the notations of Proposition 13. 1\ 
there exists a countable JC / such that C C cl^x-W, where M = {J i£j Xi. Since 
A = (cl,3x^\C) U {p} is open in f3Y, as /3F is the quotient space of (3X obtained 
by contracting C to the point p, the set M U {p} = A n Y is a cr-compact open 
neighborhood of p in Y. Therefore Y £ T, and thus C G ^{T)- 

To complete the proof we note that combining Theorem 12.91 and Lemma 13.171 
we have /x(7g*(X)) = fj,(T*(X)) n n(T s (X)) = fi(J), from which it follows that 
T§{X) = T. □ 

In the following we show that the order structure of Tg(X) can determine the 
topology of the set aX\X. The proof is a slight modification of the metric case we 
gave in Theorem 15. 101 of [8]. 

Theorem 3.19. For locally compact paracompact spaces X and Y the following 
conditions are equivalent. 

(1) Tg{X) and Tg(Y) are order-isomorphic; 

(2) <jX\X and o~Y\Y are homeomorphic. 

Proof. (1) implies (2). Suppose that only one of X and Y, say X, is cr-compact 
(non-compact). Then clearly Tg{X) = T*(X). Since by IB of [13] we have X* £ 
Z(f3X), the set Tg{X) has a minimum, namely ujX. Now using the same line of 
reasoning as in Theorem 13.91 ((1) implies (2)) we get a contradiction, which shows 
that Y also is cr-compact. Therefore since Tc(X) and Tc(Y) are order-isomorphic, 
by Theorem 12.51 the spaces aX\X = X* and aY\Y = Y* are homeomorphic. 
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Next suppose that X and Y are both non-er-compact. Since fix and fiy are 
both order-anti-isomorphism, by condition (1), there exists an order-isomorphism 
4> ■ l*x(Ts(X)) -> hy{Ts(Y)). We extend by letting 0(0) = 0. Let cuaX = 
aX U {ft} and uaY — aY U {&'} be one-point compactifications. We define a 
function 

tp : Z(ujctX\X) -> Z(ujcjY\Y) 
and verify that it is an order-isomorphism. 

For aZe Z(uaX\X), with ft ^ Z, assuming the notations of Proposition 13. 1[ 
since Z C clpx(\J ieK Xi), for some countable if C I, we have Z 6 Z(/3X), and 
therefore Z G nx{Tg{X)) U {0}. In this case, let t/>(^) = 0(Z). 

Now suppose that Z G Z(uaX\X) and O G Z. Then (waX\X)\Z, being a 
cozero-set in wcrX\X, can be written as 

{uaX\X)\Z = |J Z n 

n<uj 

where for each n < uj, we have Z„ G Z(u/rX\X) and 57 ^ Z„, and thus Z„ G 
Hx(Ts(X)) U {0}. We claim that |J n<w 0(^n) is a cozero-set in wery\Y~. 

To show this, let Y = ^ ieJ Yi, with each Y^ being a u-compact non-compact 
subspace. Since for each n < u>, we have 0(Z„) C crK\y, there exists a countable 
LC J such that 

IJ 0(z„)c (|J^)* = 0(A) 

for some A G fix(Tg(X)). We show that 

0(AnZ) = 0(A)\ |J 0(Z„). 

Since for each n< w, we have An2(lZ„ = 0, it follows that <j>{A H Z) n 0(Z„) = 0, 
and therefore 0(A n Z) C 0(A) \ \J n<u 0(Z„). 

To show the converse, let x G 0(A) \ {J n<UJ 4>{Z n ). Since for each n < ui, we have 
x ^ 0(Z ra ), there exists a B S Z(w<ry\y) such that x G E, and for each n < lu, we 
have E ("1 0(Z„) = 0. If x £ 4>{A n Z), then there exists a C G Z{uaY\Y) such that 
x 6 C and C n 0(A H Z) = 0. Consider D = 0(A) n E H C G Mr(7s ( y ))> and let 
E G Hx{7s{X)) be such that 0(E) = D. Then since 0(E) n 0(Z„) = 0, for each 
n < (J we have £flZ„ = 0, and therefore E C Z. On the other hand since 0(E) C 
0(A), we have E C A and thus £UnZ. Therefore 0(E) C 0(A n Z), which 
implies that 0(E) = 0, as 0(E) C C. This contradiction shows that x G 0(A Pi Z), 
and therefore 0(A n Z) = 0(A) \ \J n<u> 0(Z„). 

Now since 0(A) is clopen in <tY\Y, by definition of A, we have 

(uJaY\Y)\ |J 0(Z„) = (0(A)\ |J 0(Z„)) U (( W aF\r)\0(A)) 

n<cj n<LJ 

= 0(A n Z) U ((wcrF\F)\0(A)) g z(wo-y\y) 
and our claim is verified. In this case we define 

V(Z) = (u<tY\Y)\ (J 0(Z„). 

Next we show that ip is well defined. So assume that 

Z = (uaX\X)\ \J S„ 
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with S n £ nx(Tg(X)) U {0} for all n < uj, is another representation of Z. Suppose 
that U n <u ^(^™) 7^ U n <w 0(5n)- Without any loss of generality we may assume 
that \J n<u <KZ n )\\J n<u <t>(S n ) + 0. Let x £ \J n<u 4>(Z n )\\J n<u <f,(S n ). Let m < 
uj be such that x £ 0(Z m ). Then since x ^ Un< w 4>{Sn), there exists an A £ 
Z(waY\Y) such that x £ A and A n U n<w 0(5 n ) = 0- Consider A n 0(Z m ) G 
/ir(7g(F)). Let B e [i x (Tg{X)) be such that 0(B) = An0(Z m ). Since 0(B) C A, 
we have B n 5„ = 0, for all n < uj. But B C Z m C (J n<a) Z„ = U„< w ^ni which 
implies that B = 0, which is a contradiction. Therefore Un<w ^i^n) — U n<w 0(5 n ), 
and ?/> is well defined. 

To prove that "0 is an order-isomorphism, let S,Z £ Z(ujaX\X) with S £ Z . 
Assume that 5^0. We consider the following cases. 

Case ij Suppose that fl <£ Z. Then ^(S) = 0(5) C 0(Z) = ip(Z). 

Case 2) Suppose that Q £ 5 and Q, £ Z. Let Z = (coaX\X)\ \J n<u) Z n, with 
Z n £ (J, x (Ts (X))U{0}, for all n<uj. Then since SCZ, for each n < uj, SC\Z n = 0, 
and therefore 0(5) n 0(Z„) = 0. We have 

*KS) = 0(5) C (w*Y\Y)\ |J 0(Z„) = ^(Z). 

n<ui 

Case 3) Suppose that £1 £ S. Let 

Z = (ojaX\X)\ |J Z„ and 5 = (uaX\X)\ (J S n 

where for each n < uj, the sets S n , Z n £ nx{Tg(X)) U {0}. Since 5 C Z we have 
U„<o, ^ C U„ <a; 5 n) and so 

5 = (u;<rXV0\ |J (5„ U Z n ). 

Therefore 

V(5) - (w(ry\y)\ (J (0(5„) u0(z„)) c (« ff y\y)\ |J 0(z„) = v(z) 

and thus "0 is an order-homomorphism. 

To show that V 1 is an order- isomorphism, we note that _1 : (J>y(T~s(Y)) —> 
fix(Tg(X)) is an order-isomorphism. Let 

7 : Z(ujaY\Y) -> Z(wctX\X) 

be its induced order-homomorphism defined as above. Then it is straightforward 
to see that 7 = ^A" 1 , i.e., "0 is an order-isomorphism, and thus Z(oj<tX\X) and 
Z{uj<jY\Y) are order-isomorphic. This implies that there exists a homeomorphism 
/ : lu<jX\X -> cjcry\y such that /(Z) = ^(Z), for every Z e Z{oj<jX\X). There- 
fore for any M — [_} i£L Xi with L £ I countable, since M* £ Z{uj<jX\X), we 
have f(M*) = ip(M*) = 0(M*) C o-y\y. Therefore f(aX\X) C ery\Y~ and thus 
/(f2) = f2'. This shows that aX\X and cry\y are homeomorphic. 

(2) implies (1). If one of X and F, say X, is a-compact, then since <ry\y is 
homeomorphic to X* , it is compact, and therefore as in Theorem 13.91 ((2) implies 
(1)) it follows that Y also is er-compact. Since by IB of [13] X* £ Z((3X), we 
have Z((3X) C Z(X*), and thus from Theorem 12.91 and Lemma 13.181 we have 
Tg(X) = Tc(X). Similarly Tg{Y) = Tc(Y). Thus in this case, the result follows 
from Theorem 12.51 
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The case when X and Y are both non-er-compact, follows by a slight modification 
of the proof we gave in Theorem 13.91 ((2) implies (1)). □ 

Our next result shows that the topology of aX\X also can be determined by 
the order structure of 7cl{X). The following lemma follows from Theorem 2.3 and 
Lemma 13.121 

Lemma 3.20. For a locally compact paracompact space X 

fi(T CL (X)) = {Ce Z(X*) : C D f3X\aX}\{(t>}. 

Theorem 3.21. For locally compact paracompact spaces X and Y the following 
conditions are equivalent. 

(1) Tcl(X) and Tcl(Y) are order-isomorphic; 

(2) o~X\X and o~Y\Y are homeomorphic. 

Proof. (1) implies (2). First suppose that one of X and Y, say X, is cr-compact. 
Then since T(X) = Tl(X), we have Tcl{X) — Tc{X). Suppose that Y is not cr- 
compact. As \X*\ > 1, there exists two disjoint non-empty zero-sets of X*, which 
by Theorem 12.41 correspond to two elements of Tc(X) with no common upper 
bound in 7~c{X). But this is not true, as we are assuming that Tc(X) and 7cl(Y) 
are order-isomorphic, and by Lemma 13. 2D . any two elements of 1~cl{Y) have a 
common upper bound in Tcl{Y). The case \X*\ < 1 is not possible, as X is not 
pseudocompact, as it is paracompact and non-compact (see Theorem 15. II 20 of [4]). 
Therefore Y is also cr-compact and Tcl(Y) = Tc(Y), and thus by Theorem 12. 5[ 
the spaces aX\X = X* and aY\Y = Y* are homeomorphic. 

Next suppose that X and Y are both non-a-compact. Then by condition (1) 
and the fact that [ix and \iy are order-anti-isomorphism, there exists an order- 
isomorphism 4> : hx(7cl(X)) — > [Iy(7~cl(Y)). Let uaX = aX U and uaY = 
oY U {^l 1 } be one-point compactifications. We define a function 

ip : Z(ujaX\X) -> Z{ujaY\Y) 

and verify that it is an order-isomorphism. 

Let X — (J) ie7 Xi and Y = (§) ieJ Yi, with each Xi and Yi being a cr-compact 
non-compact subspace. Let Z G Z(uo~X\X). Suppose that G Z. Then since 
P = (llxjX\X)\Z is a cozero-set in uaX\X, it is cr-compact, and thus since P C 
aX\X, we have P C ({J ieK Xi)* , for some countable K C I. Now since (\J ieK Xi)* 
is clopen in X* , we have Q = (Z\{Q}) U ((3X\aX) G Z(X*), and thus by Lemma 
I3.2D . we have Q G ^x{Tcl{X)). In this case we let 

i,{Z) = (4>((Z\{Q}) U ((3X\aX))\(PY\aY)) U 

Now suppose that Q. Z. Then Z C aX\X and therefore Z C (\J l£L Xi)*, for 
some countable LCI. Thus we have Z = X*\{J n<UJ Z ni where each Z n G Z(X*) 
contains f3X\oX. In this case we let 

4>(z) = y*\ U 4>{z n ). 

We check that ifi is well-defined. So suppose that Z — ^*\Un<cj 

Z n is a repre- 
sentation for Z G Z(uiaX\X) with f2 ^ Z, such that each Z„ G contains 
f3X\aX. Since for each n < w, we have y*\^>(Z n ) C crF, there exists a countable 
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L C J such that for each n < u, we have Y*\<j>{Z n ) C (U i££ !»)*■ Let A be such 
that 0(4) = r*\(U G L We claim that 

Y*\ |J 0(Z„) = 0(4UZ)\0(4). 

n<cj 

So suppose that a; e Y*\ \J n<u 0(Z n ). If x <£ 0(4 U Z)\0(4), then since x ^ 
0(Zi) 3 0(4), we have x ^ 0(4 U Z), and therefore there exists a B e Z(Y*) 
containing x such that B n 0(4 U Z) = 0, and £> n 0(Z n ) = 0, for each n < u>. 
Let C be such that 0(C) = BU 0(4 U Z), and for each n < co, let 5„ be such 
that <f>(S n ) = 0(C) n 4>{Z n ) = (f>(A U Z) n 0(Z„). Then since for each n < w, we 
have 0(4) C 0(Z n ) and Z n Z„ = 0, we have (4 U Z) n Z„ = 4. Clearly, by the 
way we defined S n , we have S„C(AUZ)n Z„ = 4, and therefore 0(5„) C 0(4). 
But since 0(4) C 0(Z n ), we have 0(4) C <j)(S n ), and thus for each n < w we 
have 0(C n Z„) C 0(C) n 0(Z„) = 0(S„) = 0(4). Therefore C n Z n C 4, and 
thus C\Z = C n (U„< w ^n) C 4. Therefore C C 4 U Z, and we have B C 
0(C) C 0(4 U Z), which is a contradiction as B n 0(4 U Z) = 0. This shows that 
^*\U„< W 0(^)C0(4UZ)\0(4). 

Now suppose that x G 0(4 U Z)\0(4). Suppose that for some n < co, we 
have x G 0(Z„). Then x £ 0(Z„) n 0(4 U Z) = 0(D), for some D. Clearly 
D C Z„ n (4 U Z) C 4, and thus x G 0(4), which is contradiction. This proves our 
claim that Y*\ \J n<u> 0(Z„) = 0(4 U Z)\0(4). 

Now suppose that 

z = x*\ |J s n = x*\ |J z„ 

n<u n<uj 

are representations for Z G -Z(cjcrJf \X), with f2 <^ Z, such that each S ni Z n G 
Z{X*) contains pX\aX. Choose a countable L C J such that 

rW„) C ( |J *•)* and F*\0(Z„) C ( |J y)* 

i£L ieL 

for each n < u>. Then by above we have 

Y*\ (J # S ") = HA U Z)\0(4) = Y*\ |J 0(Z„) 

where 4 is such that 0(4) = Y*\(\J ieL y)*. 

Next we show that tp, as defined, is an order-isomorphism. So suppose that 
S, Z G Z(cjcrX\X) with S C Z. We consider the following cases. 

Case Suppose that G 6". Then G Z, and clearly by the way we defined 
V>, we have C ip(Z). 

Case 2) Suppose that Q £ S but G Z. Let £ = 0((Z\{fi}) U (pX\aX)) 
and let 5 = ^*\U n <oj where for each n < us, S n G Z(X*) contains @X\crX. 
Clearly y*\_E C crY". Let the countable L C J be such that for each n < oj, 

Y*\<f>(S n ) c ( |J y)* and y*\# c ( |J y)*. 

Then by above V(S') = 0(4 U 5)\0(4), where 0(4) = Y*\(\J ieL y)*. Since 
Y*\({J ieL Yi)* C £7, we have 0(4) C E, and therefore 4 C (Z\{Q}) U (0X\aX). 
Now we have 

V>(S) C 0(4 US)C 0((Z\{O}) U (0X\(tX)) 
and thus C V(Z). 
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Case 3) Suppose that ^ Z, and let 

S = X*\ (J S n and Z = X*\ \J Z n 

where for each n < uj, each of S n , Z n G Z(X*) contain f3X\aX. Since now 

S = X*\ |J (S n U Z n ) 

n<u) 

we have 

1>(S) = y*\ U <t>{s n u z„) c y*\ |J <j,{z n ) = ip(z). 

n<u n<uj 

This shows that ip is an order-homomorphism. We note that since 

4T 1 ■■ vy(t cl (y)) -> MA(r C L(^)) 

also is an order-isomorphism, if we denote by 7 : Z(uiaY\Y) — > Z(uaX\X) its 
induced order-homomorphism as defined above, then it is easy to see that 7 = ip 
and thus ip is an order-isomorphism. Let / : uxtX\X — > wcrY\Y be a homeo- 
morphism such that f(Z) = ip(Z), for any Z € Z(u>aX\X). Then since for each 
countable L C J, we have 

/((u^)>H(u^)>^\ Y 

it follows that f(aX\X) = aY\Y, and therefore crX\X and crF\F are homeomor- 
phic. 

(2) implies (1). If one of X and Y - , say X, is cr-compact, then <tY\Y, being 
homeomorphic to X* = aX\X, is compact, and thus Y is also cr-compact. Thus 
by Theorem 12. 5( condition (1) holds. 

Now suppose that both X and Y are non-er-compact, and let / : <jX\X — >• 
aY\Y be a homeomorphism. We define an order- isomorphism <fr : hx(7~cl(X)) — > 
Vy(Tcl(Y)). Let D e Hx(Tcl(X)). By Lemma GH) we have D £ Z(X*) and 
D D pX\aX. Then since X*\D C crX is cr-compact, using the notations of 
Proposition l3.ll there exists a countable LCI such that X*\D C (lj ig£ = A 
Now since Z?l~A e Z(A), we have /(DnA) £ Z(f(A)). But A is open in aX\X, and 
therefore /(A) is open in aY\Y, and thus in Y* , i.e., f(A) is clopen in Y*. Therefore 
B = f(D (li)U (Y*\f(A)) G Z(Y*). Let 0(D) = /(£> n (o-X\X)) U (/3y\y). It is 
straightforward to check that <j>{D) = G, and thus c6 is well-defined. The function 
4> is clearly an order-homomorphism. If we let ip : ^,y{Tcl{Y)) — > ^x{Tcl{X)) be 
defined by ip(D) = f~ l (D n (aY\Y)) U {0X\X), then V> = </> _1 , and therefore <f> is 
an order-isomorphism. □ 

4. The relation between various subsets of one-point extensions of a 

locally compact space 

The order-anti-isomorphism /i enables us to obtain interesting relations between 
the order structure of various sets of Tychonoff extensions. 
The following is a corollary of Theorems 2.3 and 2.8. 

Theorem 4.1. For any locally compact space X we have 



TS(X) = T*(X). 
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Theorem 4.2. For any locally compact a-compact space X we have 

T*(X) = T C (X). 

Proof. Since X is locally compact and cr-compact, by IB of [13] we have Z(X*) C 
Z(f3X). Now the result follows from Theorems 2.3 and 2.8. □ 

Theorem 4.3. Let X be a locally compact paracompact non-a- compact space. Then 

T K (X)nT s (X) = T£(X). 

Proof. Suppose that Y = X U {p} G T K {X) n T S (X). Since Y G Ts(X), there 
exists a closed neighborhood U of p in Y such that U\{p} is cr-compact. Since 
Y G Tk(X), there exists a compact neighborhood V of p in Y. Then U D V is a 
compact neighborhood of p in Y with ([/ n being cr-compact, and therefore 

by Lemma O we have Y G T£(X). By Lemma O we have T£{X) C 7s (X), 
which completes the proof. □ 

From Theorems 2.3 and 13.111 and Lemma |3~61 we obtain the following result. 

Theorem 4.4. Let X be a locally compact paracompact space. Then 

Tc(x)nT D (X) = <D. 

For a Tychonoff space X, if S,T G -Z(X), then cl^S PIT) = cLjjf-S n cbj X T. 
We use this fact below. 

Lemma 4.5. Let X be a locally compact paracompact space. If Z G Z(/3X) is such 
that Z n X = tten intx-Z C crX. 

iYoo/. Let Z G andZnl=f). Suppose that mt x * Z\aX ^ and let 

x G intx* Z\aX. First using the same method as in Lemma 6.4 of [7] we find a 
T G Z(X) such that x e T* <Z Z. Since {5* : S G Z(X)} is a base for closed 
subsets of X*, there exists an S G Z(X) such that a; G X*\S* C Z. Now 

5* n p| {T* : T G Zpf ) and i G T*} = 5* n {x} = 

and therefore there exist T x , . . . ,T n G Z(X) such that S* n Tj" n • • • n T* = 
and x G 77, for i = 1, . . . , n. Now if we let T = T x n • • • n T n G then 
.t G T* = Tj* H • • • H T* C C Z. Thus cLjxT aul Let Z = Z(f), for 

some / G C(j3X, I). For each n = 1, 2, . . ., we have 

cVxT\/- 1 ([O,lH)CI = 0X i 

16/ 

where each is a cr-compact non-compact subspace. Therefore for each n = 
1,2,..., there exists a finite set J n C I such that 

cvnr^ru/n)) c u x,. 

Let J = Ji U J 2 U • • • . Then 

T C d px T\Z C |J (cl^ x n/ _1 ([0,l/n))) c[Jl, 
n>i ieJ 

and thus chjxT C cl^x(Uiej^i) — But this is a contradiction, as x G 

cl/3xT\crX. This proves the lemma. □ 
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Lemma 4.6. Let X be a locally compact space. Then every zero-set of j3X which 
misses X is regular- closed in X* . 

Proof. Let Z G Z{fiX) be such that Z n X = 0, and let x G Z. If x clx*int x *Z, 
then for some S G -Z(/3X) with S n cl x *int x *Z = 0. Let T = 5 n Z. By 

Lemma 1 15.11 7 of [3], for a locally compact space Y, any non-empty zero-set of ffY 
which is contained in Y* has non-empty interior in Y*. Therefore int x *T =/= 0- 
But this is a contradiction, as intx*T Q intx*Z and T n mk x *Z = 0. Therefore 
x G clx-mtj^Z and Z is regular-closed in X* . □ 

Theorem 4.7. Let X be a locally compact paracompact non-a -compact space. Then 
Tl(X) contains an order- anti-isomorphic copy ofl~*(X). 

Proof. Suppose that Z G ju(T*(X)). Then by TheoremHUwe have Z G Z(f3X) and 
ZPiX = 0, and thus by Lemma 1431 we have intx * Z C ctX. Therefore X*\intx* Z D 
/3X\aX. Dehne a function : ^(T*(X)) -> n(T L {X)) by 0(Z) = X*\mt x *Z. By 
LemmaOlthe function is well-defined. Clearly for S,T G (i(T*(X)), it S QT, 
then 0(5) C 0(T). The converse also holds, as by Lemma [4.61 the sets S and T 
are regular closed in X*. Therefore </> and thus tp — /i _1 0/i : T*(X) — > Tl(X) are 
order-anti-isomorphism onto their images. □ 

Theorem 4.8. Let X be a locally compact paracompact space. Then Tl(X) con- 
tains an order-isomorphic copy ofTc(X). 

Proof. Let : fi(T C (X)) -> fJpl(X)) be defined by <j>{Z) = Z U (pX\aX). By 
Theorem I2.4I and Lemma [3.12I the function </> is well-defined. If 0(Zi) C 0(Z2), 
for Zi,Z 2 G fj,(Tc(X)), then Zi n oJf C Z 2 n crX, and thus by Lemma l3Jl we 
have Zi C Z 2 . Therefore if we let ip — /i _1 0/i : 7c{X) — > Tl(X), then ip is an 
order-isomorphism onto its image. □ 

From Theorems 14.11 and 14.81 we obtain the following. 

Corollary 4.9. Let X be a locally compact paracompact space. Then Tl{X) con- 
tains an order-isomorphic copy ofl~*{X). 

Theorem 4.10. Let X be a locally compact paracompact space. Then Tkl{X 
and Tk(X) are order- anti-isomorphic. 

Proof. Suppose that X is non-cr-compact and assume the notations of Proposition 
13.11 By Theorem 12.61 and Lemma T3. 121 we have 

fi(T KL (X)) = {Ce B{X*) : C D pX\aX). 

Let : ^{Tkl{X))\{X*} -> (i.(T£(X)) be defined by 0(C) = X*\C. To see that 
is well-defined, let C 6 B(X*) be such that C D pX\aX. Then X*\C, being 
a compact subset of crX, there exists a countable J C J such that X*\C C M*, 
where M = \J i€J Xi. Now X*\C G Z(Af*), and therefore X*\C G Z{c\p X M) as 
M is er-compact, and thus X*\C G Z((3X), as cl^jrM is clopen in /3X. Therefore 
by Lemmallwe have X*\C G /*(7£(X)). If C G n{T%(X)), then by LemmaEH 
we have C C aX, and thus X*\C D (3X\aX. Therefore X*\C G h{Tkl(X)). This 
shows that is an order-anti-isomorphism which proves the lemma in this case. 

When X is cr-compact Tkl(X) = Tk(X), and by Lemma I3T41 we have T^(X) = 
Tk(X). Clearly in this case is still a well-defined order-anti-isomorphism. □ 
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Corollary 4.11. For zero- dimensional locally compact paracompact spaces X and 
Y the following conditions are equivalent. 

(1) Tkl(X) and Tkl(Y) are order-is omorphic; 

(2) <jX\X and o~Y\Y are homeomorphic. 

Proof. By the above lemma 7~kl(X) and Tkl(Y) are order-isomorphic if and only 
if T^{X) and T^iY) are order-isomorphic. Now Theorem 13.91 now completes the 
proof. □ 

Lemma 4.12. Let X be a locally compact paracompact space. If Z € Z(X*) 
contains j3X\o~X, then Z is regular- closed in X* . 

Proof. We assume that X is non-cr-compact. Suppose that Z £ Z(X*) is such 
that Z Z> f3X\aX. Assume the notations of Proposition 13.11 Since X*\Z C aX, 
and X*\Z (being a cozero-set in X*) is er-compact, we have X*\Z C G*, where 
G = {J iGJ Xi and J C I is countable. Obviously since X*\G* C Z we have 

(X*\G*)Ucl G *int G .(ZnG*) C cl x *int x «Z. 

To show the reverse inclusion suppose that x £ c\x*'mtx* Z and x 6 G* . Suppose 
that x £ clG*intG» (Zf)G*) and let V be an open neighborhood of x in G* such that 
Vnmt G *(ZnG*) = 0. But since a; E cl X ''mt x *Z, we have ^ VCimt x *Z C G*HZ, 
and thus V D intx* Z C V P\ int G « (ZflG*), which is a contradiction. Now since G 
is cr-compact, it is Lindelof and therefore realcompact (see Theorem 13. 111 12 of [4]). 
By Theorem 1 15 . IB of [3], for a locally compact realcompact space T, any zero-set 
of T* is regular-closed in T* . Thus since G is also locally compact Zf]G* e Z(G*) 
is regular-closed in G* . Therefore we have 

cl x *mtx*Z= (X*\G*)Uc\ G ,mt G »(ZnG*) = (X*\G*) U(Zn G*) = Z 

which completes the proof. □ 

Theorem 4.13. Let X be a locally compact paracompact non-compact space. Then 
Ts(X) contains an order- anti- is omorphic copy of Tcl(X)\{ujX} . 

Proof. Suppose that X is non-cr-compact and let </> : h(Tcl{X))\{X*} — > n(Ts(X)) 
be defined by <fi(Z) = X*\mtx*Z. To see that <f> is well-defined, we note that if 
Z e h{Tcl{X))\{X*}, then by Lemma EOD we have Z 2 /3X\aX, and thus since 
X*\Z C aX is er-compact, using the notations of Proposition [3~Tl we have X*\Z C 
G*, where G = \J ieJ Xi and J C / is countable. Now since X*\G* C Z, we have 
X*\G* C intx*^, and thus (j>{Z) = X*\mt x *Z C aX. Therefore by Lemma SHI 
we have <fi(Z) e fj,(Ts(X)). Now since by Lemma 14.121 each Z £ ijl(Tcl{X)) is 
regular-closed in X*, it follows that <\> and thus ^ = yT 1 ^^ : 7cl(^)\{ w ^} — ► 
Ts(X) are order-anti-isomorphisms onto their images. □ 

We summarize some of the results of this section in the next theorem. For 
this purpose we make the following notational convention. For two partially or- 
dered sets P and Q we write P ^ Q (P (anti) Q, respectively) if Q con- 
tains an order-isomorphic (order-anti-isomorphic, respectively) copy of P. We write 
P ~ Q (P (anti) ~ Q, respectively) if P and Q are order-isomorphic (order-anti- 
isomorphic, respectively). 

Theorem 4.14. Let X be a locally compact paracompact space. Then 
(1) T*(X) (anti) ^Tl(X) (if X is non-a- compact); 
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(2) Tc(X) Tl(X); 

(3) T*(X)^Tl(X); 

(4) T%(X) (anti) ~ Tkl(X)\{loX}; 

(5) Tcl(X)\{uX}(wH)^Ts(X). 

Question 4.15. In Theorems \4-7\ \4-S\ and [4-13\ which one-point extensions con- 
stitute exactly the image of 

5. The existence of minimal and maximal elements in various sets of 

one-point extensions 

We start this section with the following simple observation. 

Theorem 5.1. Let X be a locally compact non- compact space. Then the maximal 
elements of T{X) are exactly those of the form X U {p} C j3X, for p G X* . 
Moreover, T{X) has a minimum, namely, its one-point compactification. 

Theorem 5.2. Let X be a locally compact non-compact space. Then 

(1) T*(X) has no maximal element. 

(2) The following conditions are eguivalent. 

(a) T*(X) has a minimal element; 

(b) T*(X) has a minimum; 

(c) vX is locally compact and a-compact; 

(d) (Hager; cited in [6], Theorem 2.9) X = [J n<ul A n , where for each 
n < lj, A n is pseudocompact and A n and X\A n+ i are completely 
separated in X . 

Proof. 1) Suppose to the contrary that Y is a maximal element of T*(X) and let 
S = fi(Y). By Theorem El we have S G Z{(3X) and S n X = 0. Clearly \S\ = 1, 
for otherwise, there is a non-empty zero-set of j3X properly contained in S, which 
contradicts the maximality of Y. Let T = f3X\S. By Theorem 1 15.15 of [3], for 
any a-compact non-compact space G, we have |G*| > 2 2 * . Therefore since T is a- 
compact non-compact, we have \/3T\T\ > 2 2 * . But this is clearly a contradiction, 
as /3T\T = PX\(/3X\S) = S. Therefore T*{X) has no maximal element. 

2) The equivalence of conditions (a) and (b) follows from the fact that by The- 
orem HH for any Y t ,Y 2 G T*(X) we have F x A Y 2 € T*(X). 

To show that condition (b) implies (c), suppose that T*(X) has a minimum 
element Y. Let C = n(Y). Then since by Theorem 12 .91 every non-empty zero-set of 
f5X which is disjoint from X corresponds to an element of T*(X), it is contained in 
C, and therefore since vX is the intersection of all cozero-sets of j3X which contain 
X, we have f3X\C C vX. Clearly vX C f3X\C, and therefore vX = /3X\C being 
a cozero-set in f3X is a-compact. It is also locally compact as it is open in f3X. 
Thus condition (c) holds. 

Now suppose that condition (c) holds. Then since vX is locally compact and 
cr-compact, by IB of [13], we have (3X\vX e Z{(3X). We assume that X is 
not pseudocompact, as otherwise by Corollary 12.101 we have T*{X) = 0. Let 
Y e T*(X) be such that fi(Y) = [3X\vX. Then clearly for every S G T*(X), we 
have vX C j3X\(i(S) and thus /i(S*) C fj,(Y), i.e., Y < S, which shows that T*(X) 
has a minimum. □ 

A space is called almost realcompact if it is the perfect (continuous) image of a 
realcompact space (see [12, 6U]). 
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Corollary 5.3. Let X be a locally compact non-compact space. Consider the fol- 
lowing conditions. 

(1) X is a P-space; 

(2) X is almost realcompact; 

(3) X is weakly paracompact; 

(4) X is Dieudonne-complete; 

(5) [MA+-1CH] X is perfectly normal. 

Assume that X satisfies one of the above conditions. Then T*(X) has a minimum 
if and only if X is a-compact. 

Proof. Suppose that T*{X) has a minimum. First assume that one of conditions 
(l)-(3) and (5) holds. Then by 6AB of [12] the set (3X\vX is dense in X* . But by 
Theorem 15.21 vX is locally compact, and thus (3X\vX is closed in f3X. Therefore 
f3X\vX = X*, and thus X — vX, which by Theorem [52] is cr-compact. 

Suppose that condition (4) holds. Then since T*(X) has a minimum, by Theo- 
rem !5.2l we have X = [J n<UJ A ni where for each n < w, A n is pseudocompact. Since 
Dieudonne-completeness is closed hereditary, each c\xA n is Dieudonne-complete. 
But pseudocompactness and compactness coincide in the realm of Dieudonne- 
complete spaces (see 8 15. IB of [4]) therefore each c\xA n being pseudocompact is 
compact, and X = U n<iLl clxA n is cr-compact. 

The converse is clear, as if X is cr-compact, then ljX is the minimum of T*{X). 

□ 

It is worth to note that X = uj is the only locally compact non-compact P- 
space for which T*{X) has a minimum. This is because if for a locally compact 
non-compact P-space X, T*{X) has a minimum, then by Theorem 15.21 we have 
X = \J n<u A n , where each A n is pseudocompact, and since each A n is also a P- 
space, it is finite. Therefore X is a countable P-space, and thus it is discrete (see 
4K of [5]). 

Theorem 5.4. Let X be a locally compact non-compact space. Then Tc{X) has 
a minimum. If X is realcompact or paracompact then T~c(X) has no maximal 
element. 

Proof. Since ujX E 7~c(X), it is clear that Tc(X) has a minimum. 

Now suppose that X is realcompact. Suppose that Tc(X) has a maximal element 
Y. If G = n(Y), then \G\ — 1. As otherwise, G properly contains a non-empty 
zero-set of X*, contradicting the maximality of Y. Let G = {p} and let S € Z(f3X) 
be such that p e S and S n X = 0. Let T E Z(/3X) be such that G = T\X. Then 
G = T n S E Z((3X). Now (3X\G is almost compact and thus pseudocompact 
(see 6J of [5]). But it is also cr-compact as it is a cozero-set in f3X, therefore, it 
is compact. This contradictions shows that in this case Tc{X) has no maximal 
element. 

Next suppose that X is paracompact. We may assume that X is not cr-compact, 
as cr-compact spaces are realcompact. Suppose that Tc(X) has a maximal element 
Y and let H — (J,(Y). As above H = {p}, for some p E X*. Since by Lemma 
13.61 H n aX ^ 0, we have p E aX. Assume the notations of Proposition 13.11 and 
let J C I be countable and such that p E clpxM, where M — {J ie J Xi. Since 
H E Z(X*), we have H E Z(M*). Let S E Z(cl 0x M) be such that H = S n M*. 
Now since M is cr-compact, M* E Z{c\p X M), and thus H E Z(dp X M). But M* 
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is itself clopen in f3X and therefore H £ Z(f3X), which as in the above part we get 
a contradiction. Therefore Tc(X) has no maximal element. □ 

In connection with the above theorem we remark that, assuming that every cardi- 
nal number is non-measurable, paracompact spaces are realcompact (see Corollary 
ETQm) of [12]). 

Theorem 5.5. Let X be a locally compact non-compact space. Then Tk(X) has a 
minimum. Tk(X) may or may not have maximal elements. 

Proof. It is clear that 7~k(X) has a minimum, namely, its one-point compactifica- 
tion. 

Let X = (J) ie/ Xi, where 7^0 and for each i e I, X^ = [0, 1). Since for each 
i G I, we have X* G B(X*), there exists a Y t <E Tk(X) such that fi(Yi) = X*. Now 
since each X* does not properly contains any non-empty element of B(X*), the 
corresponding Y^s are maximal elements of Tk{X). 

Now let X be an uncountable discrete space and let C E £>(X*)\{0}. By Lemma 
[3T6l we have C [~l aX ^ 0. Let A be a countable subset of X such that C n A* ^ 0. 
Now C H A* is clopen in A* ~ w* and therefore it properly contains a non-empty 
clopen subset of A* , which is therefore a clopen subset of X* . By Theorem l2.6l this 
shows that 7~k(X) has no maximal element. □ 

Lemma 5.6. Let X be a normal space. Then every one-point regular extension of 
X also is normal. 

Proof. Suppose that Y = X U {p} is a one-point regular extension of X. Let A 
and B be disjoint closed subsets of Y . If A and B are closed subsets of X, then 
obviously they can be separated by disjoint open sets in X, and thus in Y. So 
suppose that p G A, and let U and V be disjoint open subsets of X such that 
A P\ X C U and B C V. Let be an open neighborhood of p in Y such that 
B n clyW = 0. Then U U W and F\clyVy are disjoint open subsets of Y which 
separate A and B, respectively. □ 

We call a space X locally Lindeldf if every x £ X has an open neighborhood U 
in X such that c\xU is Lindelof. 

Theorem 5.7. Let X be a paracompact non- Lindelof space. Then 

(1) Td(X) has a minimum if and only if X is locally Lindelof; 

(2) If X is moreover locally compact, then Td{X) has a maximal element. 

Proof. 1) Suppose that X is locally Lindelof. Let SX = X U {A}, where A ^ X. 
Define a topology on SX consisting of open sets of X together with sets of the form 
{A} U (X\F), where F is a closed Lindelof subspace of X. It is straightforward to 
see that SX is a topological space which contains X as a dense subspace. We first 
check that X is Hausdorff. 

So suppose that a, b e SX and a ^ b. If a,b e X, then clearly they can be 
separated by disjoint open sets in X , and thus in SX . Suppose that a = A and let 
U be an open neighborhood of b in X such that clxC^ is Lindelof. Then the sets 
{A}Li(X\c\xU) and U are disjoint open sets of SX separating a and b, respectively. 

Next we show that SX is regular. So suppose that y G SX and let U be an 
open neighborhood of y in SX. First suppose that y = A. Then U is of the form 
{A} U (X\F), for some closed Lindelof subspace F of X. For each x G F, let 
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U x be an open neighborhood of x in X with c\xU x being Lindclof. Since F is 
Lindelof, there exist xi,X2, ■ ■ ■ G F such that F C [J n>1 U Xn . Consider the open 
cover U = {U Xn } n >i U of X. Then since X is paracompact, there exists a 

locally finite open refinement V of Li. Let 

G = clx ( e V : V n F ^ 0}) . 

Then since if V G V and V n F ^ 0, then V CU Xn for some n > 1, and V is locally 
finite, we have 

G = {j{c\ x V : V G V and V n F ^ 0} C (J clxf7 Xn = ff. 

n>l 

Thus G being a closed subset of the Lindelof space H is itself Lindclof. Now we 
note that 

F C \J{V GV:YnF^0}C int x G 

and therefore we have 

cl 5x ({A} U (X\G)) = {A} U cl x (X\G) C {A} U 

i.e., {A} U is an open neighborhood of y in (5X whose closure in SX is 

contained in U. Now suppose that y £ X and let V and W be open neighborhoods 
of y in X with cl x V being Lindelof and cl^W C Uf\V. Then clixW = cl x VK C U. 
This shows that SX is regular, and since it is Lindclof, it is normal. 

Clearly A ^ clgxF, for any closed Lindelof subset F of X, and thus SX e Td{X). 
To show that £X is a minimum, suppose that Y = X U {p} G Td{X) and let 
/ : y — > <DT be defined such that f\X — idx and /(p) = A. Then since any open 
neighborhood of A in SX is of the form V = {A} U (X\F), for some closed Lindelof 
subset F of X, and p ^ clyF, there exists an open neighborhood U of p in Y such 
that £/ n F = 0, and therefore f(U) C V, i.e., / is continuous at p and thus on Y. 
This shows that Y > £X, which completes the proof of this part. 

Next suppose that Td{X) has a minimum, say Y = X U {p}. Suppose that X is 
not locally Lindelof and let U be an open subset of X such that p ^ c\yU and chxt^ 
is not Lindelof. Let {Ui}i e i be a cover of clxU consisting of open subsets of X 
with no countable subcover. Refining {Ui}i & i by using regularity, we may assume 
that clxU is not covered by any countable union of closures of ?7j's in X. Let V be 
a locally finite open refinement of {Ui} ie i U {X\cl x U}. Let 

W = {V eV :V C\U ^$} = {Wj} jeJ 

which is faithfully indexed. It is clear that J is uncountable, as otherwise, since 
{Wj}j£j covers U and they are locally finite clxf^ C \J ieJ clxWj, which is a 
contradiction, as each Wj is a subset of some ?7j. For each j G J, let Xj G Wj n f7. 
Let 4 = IU {g}, with q ^ X, and define a topology on A consisting of open sets 
of X together with sets of the form B U {<?}, where B C X, the set B U {p} is open 
in Y, and _B D (JjeAL ^j'' w bere I C J is countable, and for each j G J\L, the 
set Cj is an open neighborhood of Xj in X contained in Wj H U. Then it is easy to 
verify that A is a topological space containing X as a dense subspace. 

To see that A is a Ti-space, let x € X. Since W is locally finite, there exists a 
finite set L C J such that a; ^ Wj, for any j G J\L. Let 

u = (flni)u (J (Wj n c/) 

je,/\L 
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where D is an open neighborhood of p in Y not containing x. Then P U {q} is an 
open neighborhood of q in A which does not contain x. 

Next we show that A is regular. So suppose that y G A and let W be an open 
neighborhood of y in A. First suppose that y = q. Then W = B U {q}, where 
B C X, the set P U {p} is open in Y and B D Uje/\L Oh f° r some countable 
L C J and open sets Cj's of X such that G Cj C Wj n P. Let G be an open 
neighborhood of p in Y such that clyG C B U {p}, and for each j G J\P, let Hj be 
an open neighborhood of Xj in X with dx Hj G Cj. Then 

V r =(Gnl)U |J Hj U {<?} 
ie,/\L 

is an open neighborhood of q in A and 

cUV = cl x (GnX)U |J clxHj U {<?} CBU |J Gj U {?} = B U {g} = W. 

je.J\L je.J\L 

Now suppose that y £ X. Let F and G be disjoint open neighborhoods of p and y in 
Y, respectively. Let H be an open neighborhood of y in X such that chx-ff Q WP\G, 
and let -ftT be an open neighborhood of y in X intersecting at most finitely many of 
Wj's. Let the finite set L C J be such that K n = 0, for any j G J\L. Let 

D = (Fr\X)U [j Wj. 

j£j\L 

Then D U {(?} is an open neighborhood of q in A missing K D H. Therefore q ^ 
c1a(^ H H), and thus K n i? is an open neighborhood of y in ^4 such that 

cl A {K C\H)= cl x (K nif) C clxi? c 

This shows that A is regular and thus by Lemma 15.61 it is also normal. 

Now let P be a closed Lindelof subspace of X. For each ifPfl clxt^, let V x be 
an open neighborhood of x in X which intersects only finitely many of Wj's, say 
for j G L x , where L x G J is finite. Since P n cljfJJ is closed in P, it is Lindelof, 
and therefore since 

P n cl x U C (J{T4 :i£Pfl cl x C/} 

there exist ari,^) ••• € P H c\xU such that P n c\xU C Un>i^>.- Let L = 
U„>i ^x n - Then clearly for each j G J\L, wc have Wj D P H clx?7 = 0- Now 
since V = X U {p} G Td{X), we have p ^ clyP, and thus there exists an open 
neighborhood M of p in Y such that M n P = 0. Let 

p = (Mnx) u (J (Wj np). 

je.J\L 

Then P U {g} is an open neighborhood of q in A, and we have 

p n (p u { q }) = p n |J (W> n P) = 0. 

jeJ\L 

This shows that q £ cl^P, and thus A G 7b (X). But this is impossible, as by the 
way we defined neighborhoods of q in A, each of them contains an Xj, for some 
j G J, and therefore has non-empty intersection with P, which contradicts the fact 
that A >Y. This shows that X is locally Lindelof. 

2) This is clear as in this case by Theorem 13. Ill any Y = X U {p}, where 
p G /3X\erX, belongs to Td{X) and it is obviously maximal. □ 
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We note in passing that a hedgehog with an uncountable number of spines is an 
example of a paracompact space which is not locally Lindelof. 

Theorem 5.8. Let X be a locally compact paracompact non-a- compact space. Then 
Tl(X) has both maximal and minimal elements. 

Proof. This follows from Lemma l"3 . 1 21 and the fact that both f3X\aX and X* belong 

Theorem 5.9. Let X be a locally compact paracompact non-a -compact space. Then 
Ts(X) has a maximal element but does not have a minimal element. 

Proof. Clearly every element of the form Y = X U {p}, for p G aX\X, is a maximal 
element of Ts(X). 

Suppose that Y G Ts(X). Assume the notations of Proposition 13.11 Then 
since by Lemma \3.17\ fi(Y) C aX, we have fi(Y) C ({J i£ 7 X{)* , for some countable 
JCL Let the countable L C I properly contain J. Then if T G Ts{X) is such that 
/i(T) = (UieL Xi)*, we have T < Y. Therefore Ts(X) has no minimal element. □ 

Theorem 5.10. Let X be a locally compact non-pseudocompact space. Then Tp(X) 
has both minimum and maximum. 

Proof. It is clear that tuX is the minimum of Tp{X). Let C — (3X\mt/3xvX . 
Then since X is locally compact X C intpxvX, and thus C C X* . Since X is 
not pseudocompact C ^ 0. By Theorem 12.111 there exists aFe Tp(X) such that 
H(Y) =C. If S G Tp(X), then since by Theorem ETQ we have /i(S*) D /3X\vX, it 
follows that /3X\n(S) C vX, and therefore /3X\n(S) C intpxvX . Thus /i(F) C 
and therefore S <Y. This shows that Y is maximum in Tp(X). □ 

Theorem 5.11. Let X be a locally compact non- compact space. Then the minimum 
ofl~*(X), if exists, is the unique pseudocompact element ofl~*{X) (compare with 
Theorem 15.51 and Corollary 15. 61 of [B]). 

Proof. Suppose that Y is the minimum of T*(X) and let C — ti{Y). By the proof 
of Thcorcm l5.2l ((b') implies (c)) we know that C = f3X\vX. Therefore by Theorem 
I2.11[ the space Y is pseudocompact. 

If S is another pseudocompact element of T*(X), then by Theorem l2.11l we have 
fi(S) 3 f3X\vX. On the other hand, by Theorem 12.91 fi(S) is a zero-set in f3X 
contained in X*, which implies that fx(S) C /3X\vX. Thus fj,(S) = (3X\vX = 
/i(y), and therefore S — Y . This shows the uniqueness of Y. □ 

The following result partially answers Question l3.10l 

Theorem 5.12. Let X and Y be locally compact non-compact spaces such that 
X = U n<u A n and Y = U„< u ^n! where each A n and B n is pseudocompact and 
for each n < u the pairs A n , X\A n+ \ and B n , X\B n+ \ are completely separated 
in X . Then the following conditions are equivalent. 

(1) T*{X) and T*(Y) are order-is omorphic; 

(2) j3X\vX and f3Y\vY are homeomorphic. 

Proof. By Theorem 15.21 v X is locally compact and c-compact, and therefore by 
IB of [13], we have (3X\vX E Z{j3X). Let Z E Z((3X\vX). Then since vX 
is locally compact, f3X\vX is closed in f3X, and therefore there exists an S G 
Z(f3X) such that Z = S n (f3X\vX). Thus Z G Z(/3X). Clearly Z n X = 0, and 
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therefore by Theorem E! we have Z{pX\vX) C fi x (T*{X)) U {0}. Clearly for 
every C € fj, x (T*(X)), since C € Z{fiX) and C n X = 0, we have C* C /3X\uX. 
Therefore Z{fiX\vX) = fx x (T*(X)) U {0}. Similarly Z{(3Y\vY) = fj, Y (V(Y)) U 
{0}. Now since fix and /iy are order-anti-isomorphisms, T*{X) and 7~*(y) are 
order-isomorphic, if and only if, Z{f3X\vX) and Z(J3Y\vY) are order-isomorphic, 
if and only if, j3X\vX and /3Y\vY are homeomorphic. □ 

6. Some cardinality theorems 

Suppose that X is a locally compact space. Let w(T) and d(T) denote the weight 
and the density of a space T, respectively. Then since 

w(X*) < w{fiX) < 2 d ^ < 2 d ^ 

we have 

\T(X)\ < \C(X*)\ < 2 W< - X ^ < 2 2d(X) 
which gives an upper bound for cardinality of the set T(X). In the following 
theorems we obtain a lower bound for cardinalities of two subsets of T(X). Here 
for a space T, L(T) denotes the Lindelof number of T. 

Theorem 6.1. Let X be a locally compact paracompact non-compact space. Then 

2 L(X) < \t l (X)\. 

Proof. Case 1) Suppose that X is er-compact. Then since X is non-pseudocompact, 
as X paracompact and non-compact (see Theorem 15.11 20 of [4]) by 4C of [13] we 
have \X*\ > 2 2 . Now since each element of T{X) is a-compact, Tl(X) = T(X), 
and thus we have 

\T L (X)\ = \T(X)\ > \{X U {p} : p € X*}\ = \X*\ > 2 2 "° > 2 L ^ X \ 

Case 2) Suppose that X is non-cr-compact. Assume the notations of Proposition 
13.11 Then since each Xi is cr-compact, we have L(X) < \I\. For each J C J, let 
Qj = l)iej x i and °J = Qj u WX\aX). For J u J 2 C I, if j e Ji\J 2 , then since 
X* C Cj, and X* n Cj 2 = 0, we have Cj x ^ Cj 2 . By Lemma[3IIl for each J CI, 
there exists Yj € Tl(X) such that fJ,(Yj) — Cj. Now 

\Tl{X)\ > \V{I)\ = 2^1 > 2 Li - x \ 

□ 

For purpose of the next result we need the following proposition stated in Lemma 

ansa of p]. 

Proposition 6.2. Suppose that E is an infinite set of cardinality a. Then there 
exists a collection A of subsets of E with \A\ — 2 a such that for any distinct 
A,BeAwe have \ A\B\ = a. 

Theorem 6.3. Let X be a locally compact paracompact non-a- compact space. Then 

2 L{X) < \T D (X)\. 

Proof. Assume the notations of Proposition 13.11 By the above proposition, since 
a = \J\ > H , there exists a family {Js} se s of subsets of /, faithfully indexed, 
such that |5| = 2 a and |J s \Jt| = a, for distinct s,t G S. For each s £ S, let 
Q s = {J ieJ Xi and let C s — Q*\aX. If for some s € S, we have C s — 0, then 
since clpxQs Q crX, we have clpxQs Q c ^px(\J ieH Xi), for some countable H C I, 
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and thus Q s C \J ieH Xi, as \J iGH Xj is clopen in X. But this is a contradiction 
as J s is not countable. Therefore C s ^ for any s G S 1 . By Theorem 13.111 for 
each s G S, we have C s = [i(Y s ) for some F s € Td{X). Suppose that s,t G S 
and s t. Let if = J s \Jt and let P = \J ieK Xj. Then since |if| = a, we have 
A = P*\crX ^ 0. But since P n Q t = 0, we have P* n C t = 0, which implies that 
AnCt =0. Therefore since ^ A C C s , we have C s / C. Thus for any distinct 
s,f G 5, we have Y s / F t . This shows that |7b(X)| > \S\ = 2", which together 
with the fact that a = \I\ > L(X) proves the theorem. □ 

7. Some applications 

In this section we correspond to each one-point extension of a Tychonoff space 
X an ideal of C*(X). Using this, and applying some of our previous results, we will 
be able to obtain some relations between the order structure of certain collections 
of ideals of C*(X), partially ordered by set-theoretic inclusion, and the topology of 
a certain subspace of X* . 

For a Tychonoff space X, let X(C*(X)) denote the set of all ideals of C*(X). 
We define a function 

7:(T(X),<)^(I(C*P0),C) 

by 

7 (F) = {f\X : / G C*(Y) and f(p) = 0} 
for Y = XU{p}e T(X). 

Lemma 7.1. The function 7 is an order-isomorphism onto its image. 

Proof. To show that 7 is well-defined, consider the functions g G 7(F) and h G 
C*{X). Let / : Y -> R be defined such that f(p) = and f\X = g.h. We 
verify that / is continuous. So let G G C*(Y) be such that G(p) = and G\X = 
g. Suppose that e > 0. Let W be an open neighborhood of p in Y such that 
G(W) C (-e/M,e/M), where M > and |/i(x)| < M for every x G X. Then 
for every x G IV fl X we have |/(x)| = \g(x)\ < e. So / is continuous. Now 
.g./i = f\X G 7(F). It is clear that for any k,l G 7(F), k - I £ 7(F). This shows 
that 7 is well-defied. 

Now suppose that Yi = X U {pi} G T(X), for i = 1,2. Suppose that Yi > Y2 
and let : Y\ — > Y 2 be a continuous function such that <p\X — idx- Let g G 7(^2). 
Then g = f\X, where / G C*(l2) and f{pi) — 0. Now since 4>(p\) = P2, we have 
g = f\X = f<f>\X G 7 (F), i-e., 7 (*i) 2 7(^2). 

Conversely, suppose that 7(F) 3 7(F 2 ). Define a function <j> : Yj_ — > Y2 by 
<^>|X = idx and <Xpi) = P2< To show that <fi is continuous at p\, suppose that V 
is an open neighborhood of pi — 4>(pi) in Y%. Let / : F2 — > I be a continuous 
function such that /(p 2 ) = and f(Y 2 \V) C {1}. Then since /|X G 7(F), we 
have /|X G 7(Yi) and therefore f\X = h\X, for some h G C*(Yi) with h( Pl ) = 0. 
Now U = ft. _1 ([0,l)) is an open neighborhood of pi in Fl satisfying <j>(U) C V". 
This proves the continuity of and therefore we have Y\ > F 2 . □ 

The following result is well known. We include a proof in here for the sake of 
completeness. 

Lemma 7.2. Let X be a strongly zero- dimensional locally compact space. Then 
the set of clopen subset of X* consist of exactly those sets which are of the form 
U* , for some clopen subset U of X . 
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Proof. Clearly for every clopen subset U of X, the set U* is clopen in X*. To see 
the converse suppose that C is a clopen subset of X*. Let W be an open set of j3X 
such that C = W\X. Since G C X is compact, there exists a clopen subset V of 
j3X such that C C V C W, and therefore 

c = ci„ x v\i = cLjxfV n = (v n x)*. 

□ 

For a Tychonoff space X and -E C X , we let 

Ie = {g G G*(X) : |g| _1 ([e, oo))\i? is compact for any e > 0}. 
It is easy to see that if E is open in X then Ie is an ideal in C*(X). 

Lemma 7.3. Let X be a locally compact space and let U be a clopen subset of X . 
I/F G T{X) is such that fi(Y) = X*\U* then 7(F) = I v . 

Proof. Suppose that g G 7(F). Then g = f\X for some / G G*(F) with f(p) = 0. 
Suppose that there exists an e > such that G = |.g| _1 ([e, oo))\U is not compact, 
and let x G G* . By continuity of / there exists an open neighborhood W of p in 
/3F such that f(W<lY) C (-e,e). Since p E W, X*\U* = g _1 (p) C g-^W), 
where g : /3X — > /3F is the quotient map contracting X*\U* to the point p. Now 
since x G cl^^G C clgx(^W) and t/ is clopen in X, where x ^ cl^x^ and thus 
x G X*\E7* C g- x (W), which implies that G n g _1 (^) 7^ 0- Let tGGfl g _1 (W)- 
Then since t G G, we have |/(t)| = |s(t)| > £■ But on the other hand, t — q(t) G IF 
and by the way we chose IF, we have |/(t)| < e. This is a contradiction, therefore 
|g| _1 ([e,oo))\L/ is compact for any e > 0, and thus g G This shows that 

7 (F) C I v . 

Conversely, let g G Iu and define a function / : F — > R such that /|X = 9 
and /(p) = 0. We verify that / is continuous. So suppose that e > 0. Since 
U is clopen in X, the set X*\U* is compact and it is disjoint from the compact 
subset G = I (7 1 1 ( [e , oo))\U of X. Let W be an open neighborhood of X*\U* 
in /3X disjoint from G. Then F = W\c\pxU is an open set of j3X containing 
X*\U*. Clearly T = (V\(X*\U*)) U {p} is open in [3Y. Now T n F is an open 
neighborhood of p in F such that f(T n F) C (-e, e). This is because if i E Tfll, 
then since Tflicy and W n G = 0, we have i ^ G and t ^ clgxEA and therefore 
t $l |g| _1 ([e, 00)). Thus |/(t)| = |<?(i)| < £■ This shows that / is continuous and 
therefore <? = f\X G 7(F), i.e., C 7(F). □ 

For a Tychonoff space X, let 

Yjx = {lu '■ U is a er-compact clopen subset of X}. 

Lemma 7.4. Lei X be a zero- dimensional locally compact paracompact non-a- 
compact space. Then 

i(T K l(X)) = E x . 

Proof. Suppose that F G Tkl(X) and let G = n[Y). Then by Theorem ETol and 
Lemma [6. 121 we have G is clopen in X* and contains pX\aX . Now X, being zero- 
dimensional, locally compact and paracompact, is strongly zero-dimensional (see 
Theorem l6.2l l0 of [4]) and thus by Lemma lTTSI we have X*\C = U* , for some clopen 
U C X. By Lemma Owe have7(F) = I v . But since X*\U* — CD (iX\(jX, 
we have clpxU C crX and thus U is c-compact. This shows that 7(F) G Ex, i.e., 
j(Tkl(X)) C Ex. 
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Conversely, if U is a cr-compact clopen subset of X, then clpx U is clopen in j3X 
and is contained in aX, therefore C = X*\U* D [3X\aX. If we let [i(Y) = C, 
then Y G Tkl(X), and by Lemma 17.31 we have j(Y) = Ijj, which shows that 
£xC 7 (TklP0). □ 

For a Tychonoff space X, let 

Ax = {Ix\u '■ U is a cr-compact non-compact clopen subset of X}. 

Lemma 7.5. Let X be a zero- dimensional locally compact paracompact non-a- 
compact space. Then 

7 (71(X)) = A x . 

Proof. Suppose that Y G Tx(X). By Lemma [331 the set fi(Y) is clopen in X*. 
Now X being zero-dimensional, locally compact and paracompact, is strongly zero- 
dimensional (see Theorem l6.2H of [4]) therefore by Lemma l7T2l we have fi(Y) = U* , 
for some clopen subset U of X. By Lemma [3.81 we have U* = n(Y) C aX , which 
implies that U is cr-compact and thus by Lemma l7.3l we have j(Y) = Ix\u £ Ax- 
For the converse, let U be a cr-compact non-compact clopen subset of X. Then 
by Lemma 16 we have U* — fi>(Y), for some Y G 7j£(X). Now since = 
X*\(X\f7)*, by LemmaESl we have I x \u = fi(X) G 7(7£(X)). □ 

Theorem 7.6. For zero- dimensional locally compact paracompact non-o -compact 
spaces X and Y the following conditions are equivalent. 

(1) (S_x*>C) and (£y,C) are order-isomorphic; 

(2) (Ax,C) and (Ay,C) are order-isomorphic; 

(3) aX\X and aY\Y are homeomorphic. 

Proof. This follows from Lemmas IT. 1 1 17.41 and 17.51 Corollary 14.121 and Theorem 
EH □ 

Definition 7.7. Let X be a Tychonoff space. A sequence {Un} n<u] is called a 
a-regular sequence of open sets in X , if for each n < uj, the set U n is open in X and 
is such that c\xU n is cr-compact and non-compact, and U n 3 clx^n+i- 

If U = {C/n}n<w is a cr-regular sequence of open sets in X, we let In denote the 

set 

{g G C*(X) : for any e > 0, |c/| _1 ([e, oo)) (~1 clxt/„ is compact for some n < oj} 
and let 

ilx = {Iu ■ U is a cr-regular sequence of open sets in X}. 

Lemma 7.8. Let X be a locally compact paracompact non-a- compact space and let 
U = {U n } n <u be a a-regular sequence of open sets in X . Suppose that {fn}n<u> 
is a sequence in C((3X,T) such that for each n <uj, we have fn(U n +i) Q {0} and 
fn{X\U n ) C {1}. Then C = f] n<u Z(f n )\X £ n{T(X)), and ifYe T(X) is such 
that (J,(Y) = C , then we have j(Y) = In. 

Proof. First note that since for each n < uj, we have cLjxt^n+i Q Z(f n ), and 
/ f] n <u u n C C and so C G n{T{X)). Suppose that C = fi(Y), for some 
Y = XU{p} E T{X). Let g G 7<T). Then g = f\X for some / G C*(Y) with 
/(p) = 0. Suppose that g £ Iu- Then there exists an e > such that for each 
n < uj, the set A n = |<7| _1 ([e, oo)) n c\xU n is not compact. By compactness of 
X* we have ri n <w A n ^ Let x e C\ n <u A n- Tncn Let z be tne space 
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obtained from j3X by contracting C to the point p, and let q : fiX — > Z = f3Y be its 
natural quotient mapping. By continuity of / there exists an open neighborhood 
V of p in Y such that f(V) C (— e, e). Let W be an open subset of f3Y with 
W n Y = V. Then since p G W, the set C C q- l (W). Now since f|„< w 4* Q C, 
the set <7 _1 (W) is an open neighborhood of x in j3X, and therefore since x G cl^x^i, 
we have A x n g _1 (VK) 7^ 0. Let t E A x n g -1 (W). Then t = e and thus 
\g(t)\ = \f[t)\ < e. But since t G At, we have |g(£)| > e, which is a contradiction. 
This shows that g E I U - Thus 7 (F) C I u . 

To show the reverse inclusion, let g E Iu- Define a function / : Y R such 
that = g and /(p) = 0. We show that / is continuous at p. So let e > 0. 
Then by assumptions there exists a. k < uj such that S = |g| _1 ([e, oo)) n clxUk is 
compact. Since C C /^([O, 1)), the set T = (/^([O, 1))\C) U {p} is open in /3Y. 
Consider the open neighborhood (T n Y)\S of p in Y. If i G (T C F)\5, then since 
i G P, we have /fc(f) < 1 and sot e P fe . But t ^ S and therefore |/(t)| = \g(t)\ < e, 
i.e., /((Tn7)\S) C (-e,e). This shows the continuity of / and thus g G 7(F). 
Therefore Iu C 7(F), which together with the previous part of the proof proves the 
lemma. □ 

Lemma 7.9. Let X be a locally compact paracompact non-o -compact space. Then 

1 (T£{x))=n x . 

Proof. Assume the notations of Proposition 13.11 Suppose that Y — X U {p} E 
Tg(X). By Lemma EH we have fj,(Y) = C E Z{(3X) and C C aX. Therefore 
C C clpxM, where M = [J ie jXi, for some countable J C J. Let ft, G C(j3X,T) 
be such that = C and h[fiX\d.pxM) C {1}. For each n < w let {/„ = 

/i _1 ([0, 1/rc)) n X. Then since for each n < w, C C /i _1 ([0, we have P„ 7^ 0, 
and since £/„ C M and C C c\pxU n , c\xU n is er-compact and non-compact. Clearly 
for each n < u, we have U n 3 clx^n+i) which shows that Z// = {Pn}n<cj is a ir- 
regular sequence of open sets in X. 
For each n < oj define /„ : (3X — > I by 

/„ = (((h A — V — - — "] — 1 f — — -J-)" 1 . 

Then the sequence {fn\n<u satisfies the requirements of Lemma, I7.8[ and there- 
fore since fi(Y) = Z(h) = n n <w^(./™)> we nave 7 00 = ^w- This shows that 
7(7^ (X)) C fix. 

To complete the proof we need to show that Ox C j(7g(X)). So let W = 
{^n}n<w be a cr-regular sequence of open sets in X. We verify that Iu E 7(7g (-X")). 
For each n < oj since t/„ 3 clxt/n+i, by normality of X, there exists an /„ G C(X, I) 
such that f n (c\ x U n+1 ) C {0} and f n (X\U n ) C {1}. Let P„ G C(/3X,I) be the 
extension of /„. Since each clxPn+i is er-compact, for each n < ui we have U n C P, 
where P = U*eL x * and LCI is countable. Since X\P C X\U n C P^^ 1 ): ii; 
follows that Z(P„) C pX\clp X (X\P) = cl px P and therefore since P* G -Z(/3X) 
we have P = f] n<UJ Z(F n )\X E Z(fiX). But ^ J7* C Z(F n ) and P C crX, 
which by Lemma I3T81 implies that D = n(Y), for some r" = XU {p} E Tg(X). 
Now the sequence {F n } n<UJ satisfies the requirements of Lemma 17.81 and therefore 
j(Y) — Iu- This shows that fix Q (X)), which together with the first part of 
the proof give the result. □ 



Now from Theorem 13.211 and the above lemmas we obtain the following result. 
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Theorem 7.10. For locally compact paracompact non-a- compact spaces X and Y 
the following conditions are equivalent. 

(1) (0^,C) and (Oy,C) are order-is omorphic; 

(2) o~X\X and o~Y\Y are homeomorphic. 
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